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SUMMARY

In this article, we propose a methodology to represent the operational procedures of the Brazilian power
system focused on the security of the electric energy supply. The approach takes into account the
fundamental difference between conservation laws (physical limits) and operational rules. The former
are hard constraints while the latter are soft constraints that must be imposed if feasible, but if not, a
weaker alternative must be considered. For instance, hydraulic balance equations are hard constraints
while minimum storage targets are soft constraints. A standard approach to deal with operational
constraints in the power system planning resorts to artificial penalties. However, this approach often
leads to decisions that are not always the aimed ones and also misrepresent the economical interpretation
of total and marginal costs. The proposed methodology, using disjunctive programming, describes the
feasible region of operation as a union of polyhedral sets. It does not make use of artificial prices and
represents soft constraints more accurately than traditional penalty schemes. Under special
circumstances, the polyhedra are ordered by cost, and thus exactly describe the ordering of the
operational rules. The resulting formulation includes binary variables, and recent algorithmic advances
in multistage mixed integer stochastic programming (SDDiP, proposed by Zou, Ahmed and Sun in
2016) make the solution of the model computationally tractable. We illustrate the consistency of this
proposal with a case study considering a long-term operational planning problem of the Brazilian
Interconnected Power System.
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1 Introduction

Physical constraints are generally given by bounds on the physical quantities, and conservation laws for
mass, energy, and moment. We use equality and inequality constraints involving the corresponding
guantities to model these laws and bounds, since they are inviolable relations and must be respected for
any decision and initial state of the physical system. In many cases, such constraints can be modeled by
linear equations, which induce convex feasible sets.

Operational constraints, on the other hand, follow rules that may be accommodated depending on the
state of the system. One example of such rule has to do with operational security concerns related to low
storage volumes of the reservoirs of a hydrothermal power system. One way to represent these concerns
is to avoid low stored volumes, which can be attained by establishing a minimum energy storage level
(vminop) Tor the equivalent reservoir of the hydro system that, whenever the stored energy level falls

below vyinop, iMposes compulsory thermal generation.

Another example is given by Resolution 2081 issued by the National Water Agency (ANA) on
December 4, 2017 [1], regarding the conditions for the operation of the Sdo Francisco River Water
System. This resolution establishes the operational rules for the outflow of the reservoirs of the system
according to the storage level of Trés Marias and Sobradinho reservoirs.

These and other operational rules can be set in the framework of “if-then” constraints that must be
enabled or disabled as required. It is natural to use binary variables to model this “on-off” behavior,
which can induce non-convex feasible sets. Yet, it may not be easy to obtain a description of such sets
by trial and error. We propose the use of the Disjunctive Constraints technique [2, 3, and 4] that provides
a general method of describing “if-then” rules in terms of union of polyhedra and are represented by 0-1
mixed integer linear constraints.

In sections 2 and 3 we present a general methodology to deal with this kind of constraints. In section 4
an example regarding security levels for the Brazilian Power System is presented and discussed.

2 Examples of operational constraints

In this section, we present two operational rules vy; o, and ANA, and examine the process of
transforming them into mathematical constraints to be incorporated in an optimization model. We follow
the point of view of using “binary if-then rules”.

2.1 Minimum Operational Volume

The Minimum Operational Volume (vyinop) is a stored energy reference that is used as a signal of
imminent risk of energy supply for the Brazilian Power System. Indeed, if the stored energy of any
subsystem falls below the settled vy;inop,, then it is agreed that a minimum amount of thermal generation

must be compulsorily dispatched.

At a given time t, we denote by vynop, . the vector corresponding to the minimum security energy level
of each subsystem, by v, , the vector of stored energy at the end of time t (beginning of time t+1), by
g the generation of each thermal plant during stage t, and by G, the vector of security thermal dispatch
of each thermal plant. We omit the subscript t of viy;n0, and G in the following text so as to not overload
the notation. The constraints corresponding to the binary vy;nop rules are:
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gt = Zgg (1)

zy €{0,1}
where z, is a binary variable that indicates whether or not the final stored energy v, is below the
security level vynop- If z5 equals 1, the thermal generation lower bound is raised to a level G, whether
if z; equals O, there is no constraint on minimum compulsory thermal generation. The resulting feasible
set for the variables (v¢,4, g¢) is depicted in Figure 1.
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FIGURE 1: Binary vyinop-

Note that, if we used one binary variable for each subsystem, we would have the slightly different rule
that, if the stored energy of a subsystem falls below the corresponding target, just a group of thermal
plants is dispatched, instead of all of them.

2.2 Minimum Outflow

The rule regarding the minimum reservoir outflow is more involved. The objective of this rule is to
ensure a minimum reservoir outflow to meet the multiple uses of water. However, in shortage situations,
the National Water Agency (ANA) [1] determines smaller outflow values to guarantee the continuity of
water supply for essential activities. Figure 2 illustrates the feasible set corresponding to the ANA rules,
translated into equivalent energy for the optimization model.
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FIGURE 2: Minimum outflow operational rule.

't

The minimum energy outflow in normal circumstances is q,. g, is a smaller outflow value for shortage
situations, and v is the critical energy storage below which we consider an outflow of g,, instead of
q1- Note that for stored values v; above v, the parameter q; is just a lower bound for the outflow g,
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but for stored values between g, and v the corresponding outflow is exactly g,. For stored volumes

below g, the outflow is the remaining stored volume v,, that is, the decision is to empty the reservoir.

In this case, it is difficult to find a set of constraints using binary variables that represents the rules
depicted in Figure 2 by trial and error. Section 3 presents a systematic approach for modeling non-
convex feasible sets using binary variables.

3 Disjunctive Constraints: a general modeling technique

Disjunctive Programming (DP) was developed by Balas [2, 3, and 4]. A disjunction is a set of constraints
of which at least one must be satisfied. In our setting, this corresponds to different elementary feasible
regions, and we demand that our decision variables belong to at least one of them.

In the linear programming framework, each elementary feasible region consists of a polyhedron, and
therefore the complete feasible region is a union of polyhedra. While polyhedra are convex, their union
does not need to be. In this case, it is impossible to represent such sets using only continuous variables
and linear constraints, since this always result in a convex set. Let {P;};¢; be a finite family of polyhedra,
where P; = {x € R"™ | A;x < b;}, and let P be the corresponding union U;¢; P;. Under certain regularity
conditions, we can represent P using the following formula:

p= {x e g | Ai%i = Zibi X = YaerXi, XxerZi = 1,} @)

xi €ERM z;€{0,1}, i€l

The idea of formula (2) is to “activate” a given polyhedron P; using the corresponding binary variable
z;. Indeed, (2) creates one binary variable z; and one continuous variable x; for each polyhedron P;. It
ensures that exactly one binary variable is equal to one using the sum-to-one constraint, ),;c; z; = 1, and
the constraints for x; are those from the polyhedron P;, but with right-hand side b; multiplied by z;. If
the binary variable z; is equal to one, then x; belongs to the polyhedron P;, otherwise the vector x;
satisfies A;x; < 0.

If all polyhedra are bounded, then the only solution to A;x; < 0 is the null vector. Since there is only
one j such that z; = 1, the constraint x = Y;¢; x; simplifies to x = x;, since all other z; must be zero,
which imply that x; are equal to the null vector. Therefore, z; effectively “activated” polyhedron P;, and
all other were “deactivated”.

Now, if some of the P; are unbounded, there are further solutions to A4;x; < 0, which are known as
recession directions of P;, [5]. Geometrically, such directions are rays such that starting at any point x;
in P; and going indefinitely along x; we never leave the set P;:

X; + ax; € P;, forevery a > 0.

We illustrate the use of this formula with the previously presented non-convex operational constraints.

3.1 Binary Minimum Operational Volume
Another possible way of describing the vy, rule is by union of polyhedra. Note that Figure 1 is the
union of the following sets:
P; = {(0e41,90) | 0 S Uiy < Vminop, G < g < 9}
P, = {(Vt+1:gt) | UMinop = V41 = v, 0<g:< E}

Since P, and P, are bounded, we can apply the disjunctive constraint formula (2) to describe the desired
feasible set using binary variables:
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{ | Verr = Vg + Vi, z1+2z;=1
pP= { (Ve+1, 9t) g1t =gt g?, v 62{0’ Y = }
0 < Vi1 S Z1VMinop,  UMinop < Vig1 S 2oV
\ 72G<gt<zg, 0<g? <z7)

So, if z; is equal to 1, then (v}, 4, g¢) belongs to P;, z, equals 0, and (vZ, 4, g?) is equal to (0, 0).
Analogously, if z, is equal to 1.

3.2 Binary Minimum Outflow

Let’s use the general approach to represent the binary minimum operational feasible set. As can be seen
in Figure 2, the union of the following polyhedra describes this set:

Py = {(qbvt)lvcritsvtsa' @Sqtsﬁ}.
Py = {(Qt'vt)lgzsvtsvcrit' thgz}.
P3={(Qt'vt)|0517t$ﬂ2' Qz—vt=0}-

Again, all polyhedra are bounded, so the disjunctive constraint theory guarantees that formula 2
describes exactly the union P = P, U P, U P5:

( | q=qi +qt +qi, zntz;+tz3=1 )

4 v, = v +vE+vd, z; €{0,1},i=1,2,3, &
P=1ov) | yvp < v < 2B, 20, < V2 < 20, 0< v} <234,

Z1q1 = a <z, at = 2292 qG; —vi=0 J

It is instructive to note that the relative dimension of P; is two, while the relative dimension of P, and
P; is one. So, the disjunctive constraint theory works for a wide variety of polyhedra.

3.3 Non-representable feasible sets

Despite the flexibility, it is not always possible to model union of polyhedra using the theory of
disjunctive constraints if one of the polyhedra is unbounded. In Figure 3(a) below we show an example.
Note that P, is bounded, but P, is not, and the direction of recession of P, are the rightward directions.
If z, equals one, then x, belongs to P,, z, equals 0, and x, is a direction of recession of P,, that is,
A,x, < 0. Since the disjunctive constraint formula (2) is defined for the sum x = x; + x,, we obtain a
larger set Q illustrated in Figure 3(b).

Jeroslow [6] proved that if the formula of disjunctive constraints does not represent a given union of
polyhedra then no set of linear constraints involving continuous and binary variables is able to represent
it. This is an important theorem, since it presents the limits of using binary variables to model union of
polyhedra. A sufficient condition for formula (2) to work properly is that all polyhedra P; have the same
set of recession directions. An elementary proof of the Jeroslow theorem and other results of the
disjunctive contraints approach can be found in [7].
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(a) Non-representable feasible set (b) Certificate of non-representability
FIGURE 3: Union of polyhedral non-representable by binary variables and linear constraints

4 Case study: hydrothermal operational planning with disjunctive
constraints

In this section, we evaluate the Disjunctive Constraint approach applied to a long-term hydropower
system operational planning problem based on the Brazilian Interconnected Power System as of January
2015. The system configuration comprises four interconnected subsystems and the planning period goes
from January 2015 to December 2019 considering 60 monthly stages. The minimum operational volume
(vminop) COrresponds to 20% of the maximum storable energy for all months of the planning period. In
order to emphasize the effects of the methodologies, we increased the demand by a factor of 5%.

The base case that will be used to evaluate the Binary vy;no, approach is a continuous stochastic
optimization problem:

Q:(vy, @) = minc'g, + C;zfdft + .3§t+1(17t+1)
s.t. (%)p

0, (W) = {Pt[Qt+1(th61' ac+1)], z E {TL w T =1}

where v, ; is the stored energy at the beginning of stage t+1, g, is the thermal generation during stage t
with unit cost ', df; is the deficit (load shedding) during stage t and c;f is the corresponding unit cost.
The inflow during stage t, a;, is a stagewise independent stochastic process and (*)p are the physical
constraints and other variables. The function §t+1(vt+1) is the future cost-to-go function, which is an
estimator for the future thermal generation and deficit costs of the next stage onward if the storage
energy at the end of stage t is v;..,. Such estimator depends on a risk measure p, considered in this case
as a convex combination between the expectation and the CVaR: p;[Z] = (1 — 1)E[Z] + ACVaR,[Z],
[8]. We performed all numerical experiments using A =0.10 e = 0.05. Therefore, the objective function
minimizes the current cost plus this mean-CVaR estimation of the future cost at each stage. We refer
this case as Base in the sequel. A more detailed description of these problems can be found in [7].

A usual approach to implement the vy, rule is by introducing a penalization in the objective function.
We consider a pre-established unit cost 8] incurred whenever the stored energy vy, lies below vy;inop:
Q:(vp, ar) = xftneif]lct c'ge + C(Tz)fdft + 8911 (Wer1) + 9tT(VMin0p —Ver1)+ (3)

s.t. (%)p,
where (a), denotes the positive part of number a, i.e., (a), = max(0; a). We call this problem the
Penalty approach. For this study, we consider a penalty value 6, between the most expensive thermal

cost and the cost of the first deficit level so as to ensure all thermal plants units will be dispatched if we
fall below vy;i,0p. In the ensuing text, we refer to this case as Pen.
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The Binary vy, formulation, on the other hand, uses binary variables to dispatch the security thermal
units if some coordinate of v, is below the corresponding security value vyno,. We also considered
a binary constraint to suppress preventive deficit, that is, there is no load curtailment if the stored energy
is positive. The corresponding Disjunctive Constraint formulation is

Q:(vt,a;) = min CTgt + C;fdft + B§t+1(vt+1)
Xt Ext

s.t. (*)p,
z4,Z4 € {0, 1}NVsys
(1- Zg)UMinOp < v < (1 -2z,
Mlg; = z,G, 0 <df; < z4d;
where Nsys is the total of subsystems, z, is the binary vector with value 1 whenever the stored energy
of the corresponding subsystem is below the reference volume and zero if not; z, is the binary vector
with component equal to 1 if the corresponding subsystem stored energy is zero. v is the maximum
stored energy capacity, d, is the energy demand for time t, G is the vector of security thermal dispatch
for each subsystem, M1 is a 0-1 matrix that links each component of g, to its subsystem so that MIg; is
the sushsystem thermal generation. Note that the vector product a b is a term-by-term product. This will
be denoted as DC as a reference to the Disjunctive Constraint methodology

4.1 Computational results

The SDDP algorithm, developed for the continuous convex case [9], is the standard method to solve
large scale multistage stochastic linear problems like the Base and Pen cases. Due to the use of binary
variables, the DC formulation results in non-convex multistage stochastic mixed integer linear
optimization problem (MSIP). Recently, these problems became computationally tractable thanks to the
development of the SDDIiP algorithm [10] that extends the original SDDP algorithm to the class of MSIP
problems. However, the SDDiP algorithm requires that the state variables have bounded magnitude, so
we had to simplify the scenario generation model to consider stagewise independent historical inflows
from 1931 to 2015.

The computational implementation is written in Julia [11], using SDDP.jl [12] and SDDiP.jl [13] open
packages and the optimization solver Gurobi v7.0.2 [14]. In the following experiments, we run the
algorithm for 1000 iterations with 1 trial solution per iteration and a scenario tree with 85 realizations
in every stage resulting in a total number of 1 x 85 x ... x 85 = 85%9 scenarios. The individual stage
costs and policy value are evaluated using 2000 randomly generated scenarios.

Figure 4 shows the stored energy, deficit, thermal generation and operational costs for each of the
policies, considering the first 36 months in order to avoid end of horizon effects. For clarity of
visualization, we present only 200 random scenarios in these graphs. In blue, we highlight the decisions
of each policy for the same inflow scenario. The first row shows the stored energy values where the red
dashed line is the minimum operational energy (vminop) @long the stages. We can see in Figure 4(a) that
some energy stored values for the Base policy are below vy;,op- This is expected, since there is no
provision in the Base (pure CVaR) policy to directly avoid low volumes. The DC policy, Figure 4(b),
shows small impact on the number of series with stored values below vy;,o,- Note that, in contrast with
the Base policy, the simulated blue series in the DC case is above vynop, in stages 15 and 33 due to the
additional thermal generation induced by the binary constraints. On the other hand, Pen policy works
effectively in terms of increasing the stored volume at each stage: most of the simulated series remain
above vyinop Figure 4(c). However, this policy has a side effect on the deficit variable, as we can see in
the following row.



E(E| % PE |gré-BrasiI

XIV SYMPOSIUM OF SPECIALISTS IN ELECTRIC OPERATIONAL AND EXPANSION PLANNING

SEPTEMBER 30TH THRU OCTOBER 3RD OF 2018 / RECIFE / PE /BRASIL

Indeed, both the Base and the DC policies resulted in low values of deficit, as we observe in Table 1. In
Figures 4(d) and 4(e) we can see that almost none of the 200 series resulted in deficit. However, the Pen
case, Figure 4(f), produces deficit with high frequency, and for the highlighted series, deficit occurs only
for the Pen case at stage 21, although there still remains resources to meet the demand. The thermal
generation policy presents different behavior according to each proposal. In Figure 4(g) we have the
Base case and when comparing with Figure 4(h) we observe a slight increase in thermal generation in
general, where we highlight the security thermal dispatch G around stages 8 to 12, 18 to 24 and 32 to 35
induced by the binary constraints. The Pen case of Figure 4(i) produces even more thermal generation
and the reason is the increase in the future cost induced by the penalty 8] (VMinop — Ve+1)+- In the series
highlighted in blue we see in Figure 4(g) that thermal generation remains below the maximum capacity
for all stages in particular also when the storage v, is below vy;,0p. On the other hand, the case with
DC, Figure 4(h), thermal generation is at its maximum in all storage occurrences below vy;,op and in
Pen case, Figure 4(i), thermal generation is close to the maximum throughout the period. We observe
that in stage 21 the thermal generation is at the maximum value, which is consistent with the occurrence
of a preventive deficit at the stage and case.

The operation cost along the stages is the sum of the cost of thermal generation and the deficit. The
operation cost of the Base case of Figure 4(j) is low, with few occurrences of costs peaks, since for these
200 simulated series the deficit is very small. In the DC case there is also low occurrence of deficit, so
the operating cost of Figure 4(k) also presents low occurrence of costs peaks. Additionally, we observe
cost boosts associated with thermal generation boosts induced by the binary variable. Figure 4(1) of the
Pen case presents a higher average cost due to higher thermal generation and higher occurrence of high
costs peaks due to greater occurrence of deficit. Note that in each of the operation cost panels, the blue
curve accompanies the corresponding movement of the total thermal generation and deficit blue curves.

Although the scenario graph provides a good qualitative idea of the magnitude of interest, it is not an
effective plot of the probability density of the simulated quantity along the stages. For this purpose, the
violin plot is more appropriate as it is a boxplot-like graph, but uses a method of density estimation at
each stage. In order to obtain a more accurate estimation, we evaluated each of the policies in 2,000
historical inflow scenarios to produce the thermal generation violin plots of Figure 5. These graphs
comprise only the first 12 stages of simulation. Note that the thermal generation in the Base case shown
in Figure 5(a) has two points of higher density: the values of 7800 and 9200 MWmonth. The DC case
of Figure 5(b) has a similar behavior as the Base until stage 8, but from stage 9 to stage 12 we have a
higher generation in a group of scenarios because of the binary variables. In this case, we also see two
points of greater density: the value of 7800 and 11000 MWmonth. In the Pen case, Figure 5(c), we
clearly see the displaced distribution upwards, with many scenarios between 9000 and 11000
MWmonth.

Finally, we present a quantitative analysis of the deficit for each of the policies evaluated also with 2,000
historical scenarios. Table 1 shows the total deficit added along the 36 simulation stages and over the
2,000 simulated series. Note that for the first deficit level, the DC halved the amount of deficit produced
in the Southeast relative to the Base whereas the Pen case multiplied by 10 the deficit in relation to the
Base. Figure 5 presents a barplot using the first deficit level for each subsystem and policy to emphasize
the difference between the magnitudes of deficit. It is worth mentioning that in Table 1 all the levels and
subsystems of the Pen method results in a deficit amount greater than that of the Base case. All the levels
and subsystem of the DC method have a lower value than the Base, except the fourth level of the South
where the opposite occurred. Although the number of deficit occurrence in the fourth level is not
sufficient for definitive assertions, we have the intuition that the binary constraint that suppress the
preventive deficit can have a side effect of producing deficits with larger magnitudes when they occur.
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TABLE 1: Deficit — Base, DC and Pen (GWmonth).

Base DC Pen
Deficit Level 1 2 3 4 1 2 3 4 1 2 3 4
SE 1405 185 98 00| 593 157 144 0.0 15536 584 0.0 0.0
S 828 123 54 00267 71 35 20| 4684 175 0.0 0.0
NE 14 00 00 00} 00 00 00 00 91 00 00 00
N 13 02 00 00| 06 00 00 00 72 00 00 00
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FIGURE 6: First level deficit (GWmonth).

5 Conclusion

In this paper we have presented a general methodology called Disjunctive Constraints for modeling
“if-then” nonconvex constraints. In particular, this technique provides a simple and algorithmic way to
describe operational constraints using binary variables. Jeroslow proves that the disjunctive constraint
technique is the most general framework for modeling non-convex sets by means of linear constraints
with binary and continuous variables.

We illustrate the use of this modelling technique with the minimum operational volume and the
minimum operational outflow rules for the Brazilian operational planning models. We also analysed an
application of this methodology to a large-scale multistage stochastic programming problem, where we
have compared the resulting policy with the one obtained by the Base model (pure CVaR) and the
traditional penalty model for the minimum operational volume rule.

Our results have shown that the Disjunctive Constraint approach performs better than the penalty and
the Base case, since it precisely models the operational rules and does not produce preventive deficit as
a collateral effect of penalties. The use of binary variables in a large-scale multistage stochastic
optimization problem was made possible by the SDDiP algorithm.

A future work is to study ways to overcome such modeling limitation imposed by the state variable
boundness requirement of the SDDIP algorithm.
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