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SUMMARY

Worldwide, the transportation sector is the second largest contributor to greenhouse gas
emissions (GHG) after the electricity industry, while in the US, it is the largest contributor.
One attractive solution to curb the GHG emission in the public transit segment is the Battery
Electric Bus (BEB). A BEB produces zero tailpipe GHG emissions, its fuel cost is around
40% cheaper than a similar-sized fossil-fuel bus, its noise level is significantly lower, and it
has less maintenance need. However, BEB technology poses new challenges to the bus op-
eration planning and charging placement due to the limited travel range and long charging
hours. The optimal charging infrastructure plan may also vary with the spatial distribution
of the routes.

First, we propose an Optimal Planning of Charging Facilities and Electric Bus Fleet (OPCF-
EBF) model to optimally plan the transition to an entirely electric bus fleet. The OPCF-EBF
model brings together long-term planning investment decisions and short-term operation
assessment, where the latter considers modular arithmetic to model the repeating of daily
24-hour bus demand in each planning year. The proposed OPCF-EBF model is shown to be
NP-hard through reduction from the uncapacitated facility location problem. We propose
an effective and computationally scalable primal heuristic called “Policy-Restriction” that
significantly outperforms and improves Gurobi. We conduct extensive computational stud-
ies using real-world data from public transit systems in major cities in the U.S. and around
the world, which reveal insights into the optimal investment and operational strategies.
Second, we explore another dimension of the OPCF-EBF model with only one bus route
and only depot BEBs, but an arbitrary number of battery states. We call this a fleet-sizing
problem. We show that, under a simple non-preemptive charging strategy with no early
charging and idling, the fleet-sizing problem is polynomially solvable. The proof of this
fact relies on the “almost” total unimodular nature of the constraint matrix for the operation

problem given the number of depot BEBs. We also rely on a proximity result that quantifies
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the distance of the optimal solution of a Separable Convex Integer Program and the solu-
tion of its corresponding linear relaxation. We then prove the polynomial-time complexity
based on the number of intermediate auxiliary linear programs necessary to obtain an in-
tegral optimal solution. Inspired by the fleet-sizing problem, we introduce a special class
of polynomially solvable Separable Integer Programs followed by the notion of a Dyad
Contiguous Row (DCR) matrix.

Third, we investigate more deeply the notion of a stationary optimization problem. We
introduce a type of primal and dual for infinite-dimensional stationary linear programs
based on a restriction to ¢, and ¢; spaces of appropriate dimensions. We motivate this
approach from the fixed-point formulation of discounted stationary programs and prove
weak duality. We illustrate with a hydro-thermal stationary planning problem that strong
duality may hold for a large class of infinite-dimensional stationary linear programs. In
particular, the value function of the latter is piecewise linear convex with countably many
affine functions. Weak duality may fail if the /., and ¢; set constraints are removed.
Lastly, we investigate an algebraic method to characterize extreme points of a class of in-
finite dimensional optimization problems called row-finite linear programs. We introduce
the notion of an Asymptotically Compatible (AC) solution to extend the definition of a
basic solution for infinite dimensional linear programs. In fact, a solution to a row-finite
inequality system is extreme if the only AC solution to the system induced by the active lin-
ear constraints is the trivial one. We describe how the Gauss-Jordan elimination algorithm
parameterize all the solutions of row-finite equality system. Our approach is illustrated in

the characterization of extreme circulations over infinite digraphs of finite degree.
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CHAPTER 1
INTRODUCTION

1.1 Background

Scientists are researching decarbonization solutions in every segment of society for the
next challenge regarding human existence: climate change. According to [1], more than
75% of the Greenhouse gas (GHG) emissions in the US come from power production,
industrial activities, and the transportation sector, where the latter is currently the largest
GHC emitter. There are a couple of initiatives in the transportation segment regarding
zero tailpipe emissions. Still, as of now, battery electric vehicles (EVs) offer the best
combination of location convenience to refuel a car and direct consumption of clean energy
from renewable sources [2].

However, EVs pose additional challenges in comparison with fossil fuel vehicles. For
example, the travel range of an EV is considerably lower due to limitations on the current
battery storage [3, 4]. Also, the charging time can be significantly longer, which might
be inconvenient for long-range trips. The success of a transition to entire electric fleets
requires extensive planning, and the best solution depends on the specific application. This
thesis focuses on supporting decision tools for public transportation, explicitly to aid the
transition from conventional bus fleets to battery electric fleets on public transit systems.
Other EV applications, such as private vehicles or freight logistics, are outside the scope of
this work. For a review on EV applications, see [4].

We propose a mixed-integer program for the optimal transition to an entirely electric bus
fleet regarding the practical needs of a public transit agency. Buses have life cycles of 12
years on average, and transit agencies can only retire some of their buses at a time. Our

model considers a yearly planning horizon for charging infrastructure and fleet renewal



investment with bus retirement targets, charging location, and budget constraints.

We also propose a realistic operation model to assess the fleet operation and costs each
year. The idea is to use the bus schedules informed through the General Transit Feed
Specification (GTFS) file regarding each public transit system to extract information about
the routes and associated bus demand for each hourly time interval. Our operation meets
the bus demand using a mix of electric and conventional bus fleets along the transition.
The operation model also offers insights into our model’s operation peaks and charging
dynamics. It represents a stationary bus schedule for a regular weekday, e.g., Monday. We
assume a 24-hour operation is periodic and repeats throughout the year with the coupling
constraints between the variables of the last and first 24 hours. To this end, our time indexes
are equivalence classes under congruence modulo 24, which has the wrap-around effect
when we perform addition and subtraction operations.

We consider two types of Battery Electric Buses (BEB) that significantly differ in function.
The depot BEBs rely on their large battery capacity to operate and return to the bus depot to
recharge for a few hours. On the other hand, the on-route BEBs can operate with a smaller
battery storage and charge whenever they reach their bus terminal. So, on-route BEBs can
work similarly to conventional buses since they can accommodate their charge into the bus
driver layover time. However, the charger infrastructure and energy costs are much higher
for on-route BEBs than depot BEBs. Therefore, it is often unclear if one approach is better
without proper simulation and optimization.

The computational complexity of our Optimal Planning of Charging Facilities and Electric
Bus Fleets (OPCF-EBF) model is NP-Hard, and its proof is a polynomial-time reduction
from the Uncapacitated Facility Location (UFL) problem. In practice, the OPCF-EBF is
also a numerically challenging problem. Even Gurobi cannot not find a solution with an
average gap smaller than 52% within 4 hours of computation in a cluster with 86 cores.
We proposed a scalable primal heuristic that accelerates the search for an excellent primal

solution, outperforming Gurobi in most real cases.



Another dimension of our analysis is in terms of the operation model. We investigate
whether the scheduling of the bus charging, operation, and fleet sizing could be another
cause for numerical issues. The high dimensionality of our model is primarily explained
by the different configurations one could schedule the fleet charging.

We investigate the simplest fleet sizing and operation model, which assumes only one route,
unlimited charging capacity, and depot BEBs. In terms of operation, the depot BEBs can
only charge when depleted. Once fully recharged, they have to resume operation imme-
diately. This model is polynomially solvable, but the proof of such a fact is nontrivial.
Indeed, we reformulate our problem as a two-stage model, in which the first stage contains
only the fleet-sizing variables and constraints, while the second stage is the operation given
the fleet size. We prove that the second stage problem is integral, i.e., the linear relaxation
is the convex hull of the integral feasible set, despite the second stage problem’s constraint
matrix not being totally unimodular.

We frame our two-stage integer program as a Separable Convex Integral Program (SCIP).
The novelty of our polynomial-time reduction lies in using a proximity theorem [5] for
SCIPs to limit the search for an optimal integral solution. This analysis only works for
instances where we do not allow either idle buses or early bus charging. For more flexible
operations, the computational complexity remains open. Then, we generalize our model
to a class of two-stage Separable Integral Programs. We introduce the Dyadic Contiguous
Row (DCR) matrix that generalizes the notion of a row circular matrix [6] and contains our
second-stage operation model’s constraint matrix as a particular case. Our polynomial-time
algorithm is based on the proximity theorem for SCIPs can solve this class of mixed-integer
programs as well.

Motivated by the stationary operation of our bus schedules, we also investigate the meaning
of a stationary linear program more deeply. More precisely, we depart from a fixed point
value function perspective and introduce the elements of a stationary infinite-dimensional

linear program. The first challenge is to guarantee convergence of the discounted series that



naturally arises in the objective function. One could take several approaches to make the
objective well-defined, such as taking the series’s liminf [7] or assuming a uniform bound
for the decision variables [8, 9]. Indeed, we choose a balance between those two. We
introduce the /., set constraint in defining a stationary infinite-dimensional linear program.
Our approach preserves the objective’s linearity property and is less restrictive than the
uniform bounds on the variable space.

Following this analogy, it is surprisingly simple to define a dual program. We apply the
same duality rules as in a finite-dimensional linear program and add the ¢; set constraint.
Weak Duality follows from simple algebraic manipulations and Fubini’s theorem for ab-
solutely convergent series. We provide a toy problem inspired by a hydro-thermal power
generation planning problem that supports our primal-dual setting and satisfies Strong Du-
ality. We also observe with an example that by dropping the /., and /; set constraints,
Weak Duality may fail. However, once we enforced those set constraints, the same exam-
ple satisfies Strong Duality. Those pieces of evidence support the claim that Strong Duality
may hold for a large class of stationary infinite-dimensional linear programs.

Since we have explicit primal and dual optimal solutions for the stationary hydro-thermal
planning problem, the natural follow-up question is whether or not those solutions are ex-
treme points. Unfortunately, there is a gap in the literature regarding basic feasible solutions
for finite and infinite-dimensional linear programs [10, 11]. This motivated our investiga-
tion for an algebraic characterization of extreme points that could serve for computations
similar to the finite-dimensional counterpart. Given a feasible solution, we introduce the
notion of an asymptotically compatible (AC) vector, which connects with the idea of a fea-
sible direction. Indeed, we prove that a direction is AC with a feasible solution if, and only
if, the direction and the opposite sign direction are both feasible at the same point.

The asymptotically compatible concept is central to extending the notion of a basic feasible
solution to any convex set defined by arbitrary linear constraints. Indeed, a feasible solution

is extreme if, and only if, the linear equality system induced by the binding constraints has



a unique AC solution, which is the trivial one. We observe from our definition that the set of
AC vectors form a vector subspace. Using our basic feasible solution characterization, we
prove that the primal and dual optimal solutions to the hydro-thermal planning problems
are extreme points. We then describe a general method, called the Gauss-Jordan method, to
find all the solutions for binding linear equality systems called the row-finite linear systems.
Finally, we illustrate this technique in an extreme point example.

As a more general application, we provide alternative proof of the extreme point charac-
terization for network flows on infinite graphs of finite degrees [11]. Recall that a flow in
a finite digraph is extreme if, and only if, the residual graph has no weak cycle. Such a
condition is only necessary for a digraph with a countable set of nodes and a finite degree
in each node. Indeed, we prove that a flow is extreme if, and only if, the residual graph has
no weak cycle and there are not two arc-disjoint trees with positive max-residual capacity
at a common node. Intuitively, we cannot reroute flows from “infinity” in one tree into
another. Our extension of a basic feasible solution is a simplifying tool for the extreme

flow characterization of [11].

1.2 Contributions

In Chapter 2, we develop a realistic model for the fleet sizing and charging infrastructure
planning for Battery Electric Buses (BEBs). Below, we summarize our contributions based

on each category:

1. Modeling: Our Optimal Planning of Charging Facilities and Electric Bus Fleet (OPCF-

EBF) model for public transit systems has two distinct features:

(a) The two-time-scale structure of the OPCF-EBF model brings together long-
term planning and short-term operation, with annual investment decisions of
charging infrastructure and fleet composition over a decade-long transition hori-

zon and hourly operation decisions of bus charging and scheduling over 24



hours in each planning year.

(b) Modular arithmetic is used to model the repeating of daily 24-hour bus de-
mand in each planning year. Various charging strategies, such as early charging
(charging before battery full depletion), idling (neither working nor charging),
non-preemptive charging (charging until full), are modeled, together with prac-
tical planning strategies such as utilization of existing bus depots and route
terminals as potential charging facilities, respecting of retirement schedules of

conventional buses, and various realistic investment and operational costs.

2. Characterizations: We characterize the computational complexity of the proposed
model. The proposed OPCF-EBF model is shown to be NP-hard through reduction
from the uncapacitated facility location problem. Even with one planning period and
two charging states for depot-charged BEBs, the OPCF-EBF model is still NP-hard,

as the numbers of bus routes and charging depots grow.

3. Algorithm: We propose an effective and computationally scalable primal heuristic

called “Policy-Restriction” that significantly outperforms and improves Gurobi.

4. Real-world case studies: We conduct extensive computational studies using real-
world data from public transit systems in major cities in the U.S. and around the
world, which reveal insights into the optimal investment and operational strategies.
For example, an optimal investment decision tends to invest in depot chargers before
on-route chargers; an optimal operational solution tends to use on-route BEBs to
meet base-load bus demand and to use depot BEBs to meet peaking bus demand.

These empirical insights are also explained through theoretical analysis.

In Chapter 3, we explore another dimension of the OPCF-EBF model with only one bus
route and only depot BEBs, but an arbitrary number of battery states. We call this a fleet-

sizing problem. The goal is to prove that, under a simple non-preemptive charging strategy



with no early charging and idling, the fleet-sizing problem is polynomially solvable. For

this, we develop the following techniques:

1. Tight LP relaxation of the operation problem: The coefficient matrix of the op-

eration problem may not be totally unimodular (TU). However, interestingly, by ex-

ploiting the rich symmetry imposed by the non-preemptive charging policy and the

modular arithmetic, we can reformulate and unimodularly transform the operation

problem to an equivalent formulation that does have the TU property.

2. The fleet sizing problem as a Separable Convex Integer Program:

(a)

(b)

©

Using the previous result, we extend the value function of the operation prob-
lem to an extended-real-valued convex piecewise linear function. Thus, the
fleet sizing problem is essentially a separable convex integer program (SCIP),

separable over the investment periods.

Underlying this result is a proximity theorem proved for general SCIP that an
optimal integer solution of SCIP belongs to the integer lattice of a ball centered
at the LP relaxation’s optimal solution. The key result shows that the search
over the integer lattice can be further reformulated as a new integer linear pro-

gram, which has an exact LP relaxation.

Finally in the last step, we bound the number and size of all the LPs involved,
and refer to the arithmetic complexity of an algorithm of Vaidya [12] to con-

clude the polynomial-time complexity of the fleet sizing problem.

3. The Dyadic Contiguous Row (DCR) matrix: We introduce a special class of sep-

arable integer program with totally unimodular constraints that can serve as a two

stage decomposition method to prove polynomial solvability. In fact, we define the

notion of a Dyadic Contiguous Row (DCR) matrix which extends the definition of

a row-circular matrix of Bartholdi [6]. Given that the second stage integer program



has a DCR coefficient matrix, the same complexity analysis performed for the fleet

sizing problem applies.

In Chapter 4, we investigate a notion of duality for infinite dimensional stationary linear

programs:

1. A duality framework: Based on the duality rules for finite dimensional LPs and
restrictions to appropriate (., and ¢; spaces, we introduce primal and dual infinite

dimensional stationary linear programs and prove weak duality.

2. Evidence of a strong duality result: Strong duality may hold for a large class
of problems in our infinite dimensional setting as illustrated by a stationary hydro-
thermal power generation planning problem. Using a counter-example, we show that
weak duality may fail if one disregards the /., and ¢; set constraints. However, that

same example satisfies strong duality when the /., and ¢, constraints are enforced.

In Chapter 5, we investigate an algebraic method to characterize extreme points for con-
vex sets defined by row-finite linear systems. This is motivated by the primal and dual
optimal solutions of the stationary hydro-thermal power generation planning problem. The

following are the main aspects of Chapter 5:

1. Asymptotically Compatible vectors and basic feasible solutions: The geometric
definition of an extreme point may not be a convenient method to certify whether or
not a given point of a convex set is extreme. Given arbitrary linear constraints, we
extend the definition of a basic feasible solution using the notion of Asymptotically
Compatible (AC) vectors. We show that a point is extreme if and only if the only
AC-solution to the linear equality system induced by the set of active constraints
is the trivial solution. This method provides a direct proof that the primal and dual
optimal solutions of the stationary hydro-thermal power generation planning problem

are extreme points.



2. Row-finite linear systems: A row-finite linear system over the sequence space of
real numbers is a countable set of linear constraints induced by coefficients with a
finite number of non-zero elements. We observe that the Gauss-Jordan elimination
method of [13] can parameterize all the solutions of a row-finite equality system.
Such method may certify the existence of a unique (or multiple) AC-solution for the
set of active constraints’, or, equivalently, that the corresponding feasible solution is
(not) extreme. This idea is a direct parallel with the Gaussian elimination method
for equality linear systems of finite dimension but it has the rightmost pivoting as an

important distinction.

3. Application to extreme flows over countably infinite graphs: We illustrate the use
of our extreme point result for an alternative proof of the extreme flow characteriza-
tion in countably infinite graphs of finite node degree. The original result is from [11]
and it provides another condition on the residual graph besides not having a cycle that

form the necessary and sufficient conditions for a network flow to be extreme.



CHAPTER 2
AN OPTIMAL PLANNING MODEL FOR CHARGING FACILITY AND
BATTERY ELECTRIC BUS FLEET

2.1 Introduction

Modern transportation relies heavily on fossil fuels. However, fossil fuel consumption en-
dangers our world. According to the Intergovernmental Panel on Climate Change, [14],
carbon dioxide emission is the predominant cause of global warming and has already in-
creased the global average temperature by one degree Celsius above the pre-industrial rev-
olution level. An increase above two degrees Celsius can cause extreme weather events, a
shortage of food supply, and higher sea levels. The United States, among many other coun-
tries, aims to reduce its net greenhouse gases (GHG) emissions by 50% below the 2005
levels in the coming decade, according to [15].

To curb the GHG emission, the world is seeking alternative energy sources. Worldwide, the
transportation sector is the second largest contributor to greenhouse gas emissions [16] after
the electricity industry, while in the US, it is the largest contributor [1]. Although buses
represent a fraction of the transportation segment, their effect on public health is significant,
due to the fact that buses operate in densely populated urban areas and emissions such
as nitrogen oxide and particulate matter adversely affects cardiovascular and respiratory
health, see [17] and [18].

One attractive solution in the public transit segment is the Battery Electric Bus (BEB). A
BEB produces zero tailpipe GHG emissions, its fuel cost is around 40% cheaper than a
similar-sized fossil-fuel bus, its noise level is significantly lower, and it has less mainte-
nance need. There has been an ever-growing number of transportation agencies all over the

world switching to BEBs as a more sustainable option for public transportation [19].
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However, BEB technology poses new challenges to the bus operation planning, fleet sizing,
and the charging placement due to the limited travel range and long charging hours. The
optimal charging infrastructure plan may vary with the spatial distribution of the routes.
The minimum fleet size to maintain the same service level may increase to compensate for
the charging time. Indeed, when planning the transition to an entirely electric bus fleet,
one should consider the fleet sizing, charging placement, and the impact on bus operation
altogether.

There are two typical charging technologies that are adopted on a commercial scale, namely
depot and on-route charging. Depot charging refers to charging BEBs with a low-voltage
alternating current (AC) system in a bus depot or garage, which has lower deployment and
usage costs but requires several hours to fully charge a BEB. On-route charging, in contrast,
uses a direct current (DC) fast charging system. It has a higher cost than a depot charger,
but can be used in bus terminals for fast charging during the layover time of a bus to provide
the energy needed for a round trip on a bus route.

In this thesis, we propose a novel integer linear optimization model for the joint optimal
planning and operation of depot and on-route charging facilities and BEB fleets. This
model plans the transition to an entirely BEB fleet through annual investment targets which
consider the agency’s budget, the conventional bus retirement targets, and the operation of
the mixed fleet of BEBs and conventional buses in transition. The model is realistic in cap-
turing periodic bus schedules, BEB charging dynamics, various investment and operational
costs, with depot locations, bus routes, and bus demand extracted from real transit agency

data.

2.2 Related work

The scientific literature on electric vehicles (EVs) has investigated a wide variety of mod-
eling techniques and applications. In this section, we mention some recent papers that are

related to electrical bus fleet planning and operations.
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[20] presents a model for EV fleet renewal from the French national postal service. [21] use
distributionally robust optimization to plan the battery swapping infrastructure. The work
of [22] evaluates the implementation of battery swapping for EVs in freight logistics, while
[23] consider the environmental impact of the adoption of electric passenger vehicles. [24]
consider an EV routing model with a nonlinear charging function. [4] present a literature
review of other models related to EV infrastructure planning, EV charging operations, and
public policy in the EV industry.

The work of [25] considers battery charging scheduling, battery swapping, and the bus
scheduling of a mixed bus fleet including battery-electric, compressed natural gas, diesel,
and hybrid-diesel buses. [26] concentrate on fast charging scheduling of battery electric
buses to minimize charging costs and power grid impact. [27] focus on battery capacity
fade and propose an optimization model, which considers the reduction in the storage ca-
pacity of batteries, to schedule the electric bus charge. The works of [3], [28], and [29]
consider a planning model for the composition of an electrical bus fleet using depot charge
BEBs. With regards to technological factors, the paper of [30] assesses the impact of
wireless chargers on battery-electric bus scheduling. [31] consider a hybrid solution of
hydrogen and electric buses with the concept of multi-product charging stations.

With regards to modeling specific features, the papers by [32] and [3] propose models for
installing fast chargers focused on the electric demand charge, which is the cost associated
with the variations in power demand. [33] assess the potential reduction of the peak demand
charge by installing energy storage units for on-route fast chargers. The works of [34] and
[35] propose a fast charging location model for battery-electric buses, considering the bus
operation and the power distribution. [36] propose a stochastic model for managing the
electric bus charge, the photovoltaic energy production, and energy storage systems. [37]
and [38] present a long-term multi-period model for the electric bus integration into urban
bus networks.

It is also worth commenting on the diversity of modeling techniques associated with battery-

12



electric buses. [39] use bi-level programming to formulate an electrical transit route plan-

ning problem, where the upper level determines the route structure and charging station

location while the lower level calculates the user cost. [40] propose a charger location

model that describes the bus charging using queuing theory. [41]’s work is based on a

stochastic model for the interaction between bus charge and battery swap stations for taxi

and bus fleets. [42] propose a mixed-integer second-order cone programming model for

the charging planning of battery-electric buses.

2.3 Contributions

1. Modeling: This thesis proposes an Optimal Planning of Charging Facilities and Elec-

tric Bus Fleet (OPCF-EBF) model for public transit systems to optimally plan the

transition to an entirely electric bus fleet with several innovative features.

(a)

(b)

The two-time-scale structure of the OPCF-EBF model brings together long-
term planning and short-term operation, with annual investment decisions of
charging infrastructure and fleet composition over a decade-long transition hori-
zon and hourly operation decisions of bus charging and scheduling over 24

hours in each planning year.

Modular arithmetic is used to model the repeating of daily 24-hour bus de-
mand in each planning year. Various charging strategies, such as early charging
(charging before battery full depletion), idling (neither working nor charging),
non-preemptive charging (charging until full), are modeled, together with prac-
tical planning strategies such as utilization of existing bus depots and route
terminals as potential charging facilities, respecting of retirement schedules of

conventional buses, and various realistic investment and operational costs.

2. Characterizations: We characterize the computational complexity of the proposed

model and identify special structures in a subclass of the proposed model that can be
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polynomially solved through an interesting transformation.

(a) The proposed OPCF-EBF model is shown to be NP-hard through reduction
from the uncapacitated facility location problem. Even with one planning pe-
riod and two charging states for depot-charged BEBs, the OPCF-EBF model is

still NP-hard, as the numbers of bus routes and charging depots grow.

(b) We show in Chapter 3 that an important class of OPCF-EBF problems, which
has one bus route and an arbitrary number of charging states for depot-charged
BEBs under a simple charging policy, has a nice constraint structure after a

linear transformation and is polynomially solvable.

3. Algorithm: We propose an effective and computationally scalable primal heuristic

called “Policy-Restriction” that significantly outperforms and improves Gurobi.

4. Real-world case studies: We conduct extensive computational studies using real-
world data from public transit systems in major cities in the U.S. and around the
world, which reveal insights into the optimal investment and operational strategies.
For example, an optimal investment decision tends to invest in depot chargers before
on-route chargers; an optimal operational solution tends to use on-route BEBs to
meet base-load bus demand and to use depot BEBs to meet peaking bus demand.

These empirical insights are also explained through theoretical analysis.

The rest of Chapter 2 is structured as follows. We introduce the OPCF-EBF model in Sec-
tion 2.4. In Section 2.5, we analyze the complexity of the proposed OPCF-EBF model.
Section 2.6 proposes a primal heuristic to solve the challenging large-scale integer opti-
mization model. Section 2.7 reports real-world case studies with observed insights and

theoretical analysis. Section 2.8 concludes Chapter 2.
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2.4 An optimal planning model for charging facility and battery electric bus fleet

The OPCF-EBF model is formulated as a two-stage problem in Section 2.4.1, where invest-
ment problem is in the first stage and the operational problem is the second-stage recourse.

The detailed operational problem is formulated in Section 2.4.2.

2.4.1 The OPCF-EBF model

We first define all the investment parameters and investment decision variables before lay-

ing out the overall two-stage OPCF-EBF model.

Investment parameters

Let © denote the set of yearly investment periods, (i.e., © = {1,2..., N} for some N €
Z,). Let T be the set of depot sites, 7 be the set of bus routes, K be the set of relevant
depot chargers, and R be the set of terminal stations available for on-route charging. In
the model, we allow BEBs from different manufacturers, since different BEB models can
have different charging times, battery capacities, unit costs, and ability to perform on-route
charging. In particular, denote Bgepor and B,oute as the set of BEB models that can be

charged by depot and on-route chargers, respectively.

Investment decision variables

Let z € {0, 1}*1xI91 be the vector of binary variables such that 2¢ = 1 implies that the
depot site i € Z can install depot chargers during the investment period § € ©, and z¢ = 0
otherwise. Lety € Z'f' <IKIXI®! be the vector of integer variables whose entry 39, represents
the number of depot chargers of a given plug type k£ € K (e.g. levels 1 and 2 chargers)
for a given site ¢ € Z and investment period ¢ € ©. Let y € ZLRM@' represent the
number of on-route chargers at each terminal station r» € R and investment period 6 € O.

B epot S ~ route
Let n € Z/Peer VIO g 37 € Z/ProueXI 71191 pe the numbers of depot and on-route
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BEBs respectively along each route 5 € 7, given the BEB type, and investment period.
Let ¢ € Z‘f‘x‘@' be the vector of conventional buses in each route j € J and investment

period 6 € ©.

Two-stage OPCF-EBF model

The OPCF-EBF model is formulated as a two-stage integer optimization model in the in-

vestment variables below.

min ZV@ : <[9<x7y7X777757 g) + FQ(I,y,X,T],’ﬁ, 5)) (213)
0cO
S.t. ]G(xyan777aﬁa 5) S C@a 9 I~ @, (21b)
#2007 sy Oz, Eh REK (2.1¢)
reR, 0ec0O,
be B beB
0 0—1 ~f ~0—1 0 6—1 depot route
Myi = Mpi s s = My &5 <&, (2.1d)
bj bj bj bj J J j c j, 0 c @7
— €L, k
Q' a? <oy <Qhal, 0<\0<\hy, 'S0 FEM (2.1¢)
- T reRr, 6co,
&5, << &g, jeJ, 0€0, (2.1f)
€L, kek
93? € {0,1}, yz‘ek € Zy, Xf € 2y, red € (2.1g)
reR, 0e€0,
b B epot » B BT‘OU €9
0 € Ty, W, € Ly, & €T, & Ddepoty D€ Prouter (5 1y

jed, fece.

The objective function (2.1a) has two parts Iy and Iy for each investment period 6, where I
represents the investment related cost, Fj is the operational cost associated with the infras-

tructure decision (z,y, x,7n,7,&), and 7, is a discount factor. The investment cost Iy is

16



defined as

]Q(I7X7y7777ﬁ7 6) :Zcz,z(xze _x?_l) + Z Cz,zk(yzek: _yfk_l)

i€ (i,k)eIxXKC
D LA O G ) B SO AN (S (2.2)
reER (byj)eBdepotXJ
~0— 0—
S D T AR R B AR (S S}
(b’j)GBdepoth ]EJ

which is incurred on the incremental change of charging facilities and bus fleet in year 6.
The vectors ¢, ¢y, ¢, ¢, 5, and ¢¢ in (2.2) represent the unit cost of the corresponding
decisions z, y, X, 1, 77, and £. The cost ¢, signifies the financial benefit of retiring a con-
ventional bus, which can be also interpreted as a penalty for using fossil fuel-based buses.
The operational cost Fj is given by a recourse problem in operational decisions and will be
presented in Section 2.4.2.

In terms of constraints, we have the budget constraint (2.1b) on the investment costs, where
Cy is the investment budget in period . Constraints (2.1¢) and (2.1d) describe the mono-
tone expansion of the charging infrastructure and the BEB fleet, and the monotone reduc-
tion of the conventional bus fleet. We have the upper and lower bounds (2.1e) on the num-
bers of depot and on-route chargers, where ka and @fk are the upper and lower bounds on
the number of depot plugs y7, given that the depot site i is open (i.e., z¢ = 1), while x¢, B
is the upper bound on the number of on-route chargers . The bus retirement target con-
straint (2.1f) has upper and lower bounds £¢ p,; and & p; for the number of conventional

buses §J67 in each year 6.

2.4.2 The operational problem as the recourse

The goal of the operational problem is to find an optimal daily schedule for the charging
and operation of a mixed fleet of BEBs and conventional buses in an investment period with

a given investment decision. We use the information on existing bus routes and schedules
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published by public transit agencies, see [43], and assume that the mixed fleet should oper-

ate on

the bu

the same routes and satisfy the same bus demand as in the current system. To obtain

s demand for each hour and route, we count the number of operating buses from the

published bus schedules. See Figure 2.1a as an illustration of the bus schedules for routes

2,4, and 102 on a weekday in Atlanta’s MARTA system and Figure 2.1b for the total bus

demand in Atlanta on a weekday in August 2019.
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(a) Weekday bus schedule for routes 2, 4, and 102. (b) Weekday total bus demand.

Figure 2.1: Atlanta MARTA bus schedule for routes 2,4, and 102, and the total bus demand
in August 2019.

In the

following sections, we describe the operational problem as a recourse to the invest-

ment decisions. Sections 2.4.2, 2.4.2, and 2.4.2 describe the parameters, decisions, and

constr.

aints, which are put together in Section 2.4.2 to formulate the operational problem,

whose optimal objective value is the operational cost Fj in the overall model (2.1a).

Parameters in the operational problem.

1.

2.

Time related parameters: Let [0 : 7'—1] be the set of time intervals {0, 1,...,7—1}
of the operational horizon, which is treated as the cyclic group Z/TZ of integers
modulo 7. In this way, the operation becomes cyclic, i.e., the operation at time ¢t =
T — 1 loops back to time ¢ = 0 as the next time step. This construction models
stationary, periodic operation rather than transient operation with fixed initial ( = 0)
and final conditions (t = 7' — 1). If each ¢t € [0 : T'— 1] is an hourly interval and

T = 24, then the operational problem models the repeated daily bus operation.

Charging related parameters: Different types of BEBs may have different battery
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capacities, thus we define [1 : W}, + 1] := {1,..., W} + 1} as the set of battery
states of a depot BEB of type b € Bepot, Where s = 1 and s = W, + 1 denote the
fully charged and the fully discharged states, respectively. The value W, is the lowest
battery state in which it is still safe to operate a depot BEB. The battery state index
increases with time, that is, if a depot BEB is in a state s when it operates in time
interval ¢, then it must be in the battery state s + 1 at time ¢ 4+ 1 to model the battery
discharging in one interval of operation. Let P be the set of all pairs of depot BEB
types and battery states, i.e., P := {(b,5) : 0 € Baepot, s € [1 : Wy +1]}. Let Ly be
the number of time intervals needed to fully charge a depot BEB of type b € Bjepot
from state s € [1 : W}, + 1] to s = 1 using a depot charger of type k£ € K. For
instance, suppose an hourly interval operational model with 7' = 24 hours. Consider
a depot BEB b with battery capacity W), = 12 hours. If a depot charger £ takes 6
hours to fully charge b, then we have L, 13 = 6. One can use a linear interpolation
rule to define the charging time Ly for other states of charges s € [1 : W]. This
means that if the BEB b starts to charge at time ¢ with initial state s = 13, then it will

be fully charged at time ¢ + 6.

. Routes related parameters: Let 7 (r) be the set of bus routes associated with ter-
minal station 7. Let R(j) be the set of terminal stations that are connected to the bus
route j. We assume it is possible to accommodate up to C'H, on-route charging ac-
tivities within one operational time interval at the terminal station . Denote by Q the

set of all pairs of routes and terminal stations, i.e., @ := {(j,7) : j € J, r € R(j)}.

Decision variables in the operational problem.

Given an investment period § € ©, consider the decisions w’ € Zﬁ[d"’” and v’ € Z

Naop o

the number of depot BEBs that are working and idling (i.e. neither working nor charging)

respectively, where the set \V; ,, is the Cartesian product P x 7 x [0 : T'— 1] and represents

all the indices for w? and v?, including the depot BEB model, battery state, bus route, and
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time interval. Moreover, let 2 € Zﬁ[d’c’l represent the battery state at which a group of depot
BEBs starts charging, where N ., is defined as P x Z x J x K x [0 : T — 1]. Finally,
the decision 3¢ € Zﬁfd‘b”“ contains the number of depot BEBs that are currently charging
regardless of the charging state, where N per, is defined as B x J x [0: T — 1].

Letw’ € Zﬁ\fmte and 0¥ € Zf””“e be the decisions that represent the number of on-route
BEBs that are working and idling respectively, for each terminal station, route, and time
interval. The set N,y is defined as Q x [0 : T — 1]. Let ¢/ € Z\<» and ¢ € 7o
be the numbers of conventional buses working and idling for each route and time interval,

where N oy is J X [0 : T'—1]. Finally, let = Zﬁ/‘““’“ be the slack variable of the demand

constraint, where Nyqer, is J x [0: T — 1].

Constraints of the operational problem.

1. Bus demand satisfaction: Given (j,¢,0) € J x [0 : T'—1] x ©, we have the demand

constraint

.0 ~t.0 .0 .0 t,0
Z wbjs + Z wbjr + qu + U’j Z dj ; (23)
(b7s)ep (bvr)eBrouteXR

where the bus demand d?e must be satisfied by the total number of working depot
BEBs (the first term on the left), working on-route BEBs (the second term), working

conventional buses (the third term), and the slack variable u?e (the fourth term).

2. Depot BEB dynamics: Forall ¢t € [0 : T'— 1] and (b, 7,60) € Baepot X J X O, we
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have the depot BEB charging dynamic equations

Wb+1

(t—Lyps (t—1),0
wh =D > g e (2.4a)

s=2 (i,k)eIXK

wil 4 Y ol =wl D ol se2i (W + 1)), 24b)
(i,k)EIXK

t,0 t,0
wb](WbJrl) 0’ Zbljkl =0. (24C)

Equation 2.4a states that the total number of fully charged (s = 1), working and
idling depot BEBs at time ¢ (the two terms on the left) must equal to the total number
of depot BEBs that just finished charging at time ¢ (the first term on the right) plus
the fully charged idle depot BEBs at time ¢ — 1 (the second term on the right). The
same dynamics applies to the partially charged state s € [2 : (W}, + 1)] in (2.4b).
Equation (2.4c) enforces that the depot BEBs cannot work if fully depleted (the first
equation) and cannot charge if fully charged (the second equation). Recall that all
time indices are cyclic modulo 7. Also note that these equations represent a non-
preemptive charging policy (i.e. charging must continue until fully charged), which

is practical for depot BEB charging and assumed throughout the paper.

. On-route BEB and conventional bus dynamics: The dynamic equations for on-

route BEBs and conventional buses are

@yl + o = a0 o (2.52)
¢! + ot = T g gD (2.5b)
forall (j,0) € J xO,r € R(j), b € Broute, and t € [0 : T'— 1]. Equations
(2.5a) and (2.5b) are conservation of on-route and conventional buses over each time

interval, respectively. Because the on-route charging is accommodated within an

operational time interval no state-of-charge index is needed.
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4. Bounds on depot BEBs simultaneously being charged: The number of depot
BEBs being charged and the upper bound by the number of depot chargers are given

below

Wy+1 Lpgs—1

bzgk Z Z bzgks - (263)
5=2 =
Z Z /Bbmk — yzk’ (26b)

beBdepot ]6]

forall (i,7,k,0) € T x J x K x ©,b € Baepot, and t € [0 : T — 1]. Here, equation
(2.6a) has the total number of type b depot BEBs that are being charged at time ¢,
depot i, route j, using charging plug type k. Equation (2.6b) is an upper bound on

ﬁg;g .. by the total number of depot chargers 3, that are invested.

5. On-route charging capacity: The number of working on-route BEBs that can charge

at a given terminal is bounded by the following constraint

Z Z ﬁ;iﬁ < CHT ’ Xf? (27)

bEBToute ] ej

forall (r,0) € R x ©,and ¢t € [0 : T — 1]. Recall that C'H, is the charging capacity
of an on-route charger over a time interval and ! is the number of on-route chargers

on route r, investment period 6.

6. Total numbers of BEBs and conventional buses: The link between the operational

variables and the total number of BEBs and conventional buses is given below

Wy+1
Z wb]s Z Ubjs + Z Z Bb’b]k bj’ b S Bdepoh (2.83)
i€l keK
Z ﬁ]/l?]’i + fﬁgj’i = ﬁfﬁ b S Broute; (28b)
reER(F)
65" + 0" = ¢, (2.80)



for all (j,0) € J x ©. Itis enough to relate the total number of buses to the opera-
tional variables at time ¢ = 0, because the dynamic equations (2.4)-(2.5) imply bus

conservation, see Section 2.4.3.

The model of the operational problem

Finally, we can formulate the operational problem using the constraints defined above:

Fy(z,y,x,n,m,€) :==min  plz° + pyuw’ + pga’ + pj ¢’ + pyu’
st (23)—(2.8),

(2.9)

N o N c N eta
we’ve c Zer’ p7 26 c Zer’ h7 59 c Z+d,b t 7

@97;59 c Z{\Ffroute, gbe, 0-9 c Z{X’conv) u9 c Z-Q_/’slack.

Some observations are instructive regarding the operational costs. The cost p, contains the
unit electricity cost for charging a depot BEB plus the deadhead cost of a trip between a
route and a depot charging site. The p,, and p, represent the unit costs of operating depot
BEBs and conventional buses, respectively, which are essentially the bus driver costs. The
P contains the unit electricity cost associated with the incremental charge at on-route
stations plus the bus driver cost. The p, represents the penalty for the demand constraint

violation.

2.4.3 Properties of the optimal planning of model

Conservation of the total number of buses

As our model does not track individual buses, but rather only tracks the total number of
buses in different states, it would be assuring to verify that the total number of each type of
buses in the fleet is conserved over operating times within each investment period. Indeed,

Eq. (2.5a) and (2.8b) imply that the total number of on-route BEBs counted in interval ¢ is
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equal to the total number of invested on-route BEBs n“'gj as

Z szer + ~l€ﬁ~ = ﬁgjy be B’I‘OUt67 (210)

reR(J)
for all (5,0) € J x© andt € [0 : T — 1]. The conservation of the total number of
conventional buses follows analogously as ¢§-’9 + O';’H = f? forallj € J,t€[0:T —1],

and 0 € ©. For depot BEBs, the conservation is stated in Lemma 2.4.1.

Lemma 2.4.1. The total number of depot BEBs is constant through the operational horizon.

That is, the following equality holds

Wb+1

w v 4 6 97 te [OT—l], bGBdepob (211)
Z b]s Z b]s Z Z bijk b] .

i€l keK jeja 96@

Proof of Lemma 2.4.1. Equation (2.11) is proved by induction. Indeed, the base case t = 0

Wp+1 t 6

follows from the constraint (2.8a).Denote by C; the term ZS 1 wbjs + Z Upjs- Note
that on the left-hand side of (2.11) we have
Wy+1 Wy+1 Lpgs—1
o (t—1)
EﬁwﬁﬂwZZ%<MZZZZMm
i€l keK 1€ ke s=2 =
Wy+1l [/ Lpps—2
—]— ’9 ,
SCIO» 3 O IETRIEN on)
i€T kek s=2 1=0
where equation (2.12) is obtained by splitting the sum ZL’“ zél ; kz into the summation
of ZL’“ ! Z(jtksl and zwkst, and then by re-indexing [ from 0 to L,s — 2. Sum the depot

transition equations (2.4a) and (2.4b) over the states of charge s € [1 : W, + 1] to get

Wy+1 Wy+1
Cot DD > Zifte=Can+ D> D 2" (2.13)
i€l keK s=2 i€l keK s=2
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Replace (2.13) into (2.12) and use the induction hypothesis for ¢ — 1 to conclude the proof:

Wy+1
2 : wbjs Z Ubst + Z Z ﬁbwk
s€[1:W] i€l keK
Wy+1 Lys—2
@12+2.13) (t—1-1),0 (t—Lys),0
Con+2_2. 2 Z ke Ak
1€ keK s=2
Wy+1 Lpgs— /3 d f)
(t—1-1),0 (B de (t—1),0 _ ¢
Cle-) +ZZ Z Z Fijks Cle-1) +ZZBmgk = M-
i€Z keK s=2 [=0 i€l keK

2.5 Computational complexity

2.5.1 Complexity of the OPCF-EBF model

The OPCF-EBF problem defined in (2.1)-(2.9) is NP-hard. The idea of the proof is to
create a mapping between the charging depot and bus terminals in the OPCP-EBF to the
facilities and customers in the uncapacitated facility location problem. Moreover, it turns
out that some special classes of the OPCF-EBF problem are already NP-hard as shown in

the following theorem.

Theorem 2.5.1. The OPCF-EBF problem is NP-hard. In particular, even an OPCF-EBF
problem with a single investment period and only depot BEBs of two battery states or only

on-route BEBs is NP-hard.

Proof of Theorem 2.5.1. Let us denote by A\; € {0, 1} the binary variable that corresponds
to decision to open or not the facility i € [n] := {1,...,n} and by 7;; € {0, 1} the binary
variable that corresponds to meet the demand of j-th client using the ¢-th installation. Con-

sider the facility setup cost f; associated with variable A; and the supply cost g;; associated
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with )\;;. Below, we present an instance of the UFL problem:

min Z?:l fii + Z?:l 2721 9ijTij

S.t. Z?:l Tij = 1, \V/] S [m],
Z;‘nzl 7T'ij S m - )\i7 Vi < [n],
A € {0,1}, m; € {0,1}, Vi € [n], Vj € [m].

We now define the reduction to an instance of the OPCF-EBF problem starting with the set
of indices. Consider just one type of depot BEB, By, = {1}, but not a single on-route
BEB, B, ouie = 0, n potential charging sites, Z = {1,...,n}, m routes, J = {1,...,m},
only one plug type, K = {1}, not a single on-route charging facility, R = (), battery per-
formance of one time-interval, I/, = 1, operational horizon 7" = 2, and single investment
period © = {1}. To improve the presentation of this instance of the OPCF-EBF problem,
we omit the sub-indices that have only one possible value such as the depot BEB type b,
the plug type k, and the investment period 6.

Consider the lower QZ and upper ), bounds of plugs as being equal to 0 and m, respectively,
for all site 7 € Z. Let d;; be the demand for buses and let L be the charging time as defined

below

1 ift=0, 0, ifs—1,
djt: ) Ls:

0, ift=1, 1, ifs=2,

for every route j € J. Note that s = 1 is the fully charged state, and s = 2 is the fully
depleted state, since W' = 1. The idea of our construction is to have the depot BEBs
working at time ¢ = 0 and charging at time ¢t = 1.

We assume that the initial infrastructure condition is zero, that is, z;o = 0, y;0 = 0, 10 = 0,
and £ = 0, for all depots i € [n] and routes j € [m]. If the initial condition of conventional
buses is zero, ;o = 0, then the number of conventional buses in the period of investment
¢ = 1 is also zero, that is, {;; = 0. This implies that the number of working ¢; and

idling 0, conventional buses are zero for all time intervals ¢t € [0 : 1], route j € [m], and
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investment period 6 = 1.

Let H be the constant > ", fi + >, > 7", gij» and consider the unit cost of a depot
BEB ¢, as H + 1. Let the investment budget C' be equal to Z?zl fi £ m - cpep, Which
is essentially a large enough constant so all possible investments are feasible. Then the

investment part of this OPCF-EBF instance is given below:

min > " fizi+ 27:1 Coep - 15 + F(2,9,1)
st Doy fimi + D00 cen -1y < C
0<y; <m-ux, Vi € [n],

T € {Oa 1}7 Yis M € Z+> Vi e [nL v] € [m]a

and there is no on-route and conventional bus variables since those are zero.

For the operational problem, we have two remarks regarding the depot working and charg-
ing variables w and z, respectively. We omit the state of charge s = 1 of the depot working
variable w, since this is the only possible state for a working depot BEB given that W = 1.
Similarly, we omit the state of charge s = 2 for z, since this is also the only possible state
of charge for a depot BEB to start charging in our instance. For the depot idling BEBs v,
we keep the state of charge index s € [1 : 2] because it is possible for a depot BEB to
be idle in both fully charged (s = 1) and fully discharged (s = 2) states. Let the demand

constraint violation cost ¢, be equal to (m + 1) - ¢,e. Below, we present the operational
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part of our OPCF-EBF instance:

F(x,y,m) = min Z?:l Z;nﬂ [O : Z?j + gij Z’Llj:| + 27:1 Zi:o Cy - Ujt
st wh +uf > dl, Vi e [m], Vte[0:1]

wh oty =30 28V 4l e m], Ve [0 1],

Sz Aty = w0 e [m], Ve [0 1],
t
(]

> jem] < i, Vi€ [n], Vt € [0: 1],

— St
= 2,

Vi € [n], Vj € [m], Vt € [0: 1],

;= (i) + vy +wh + 30, BY), Vi€ [m], V=0,

wt, v, 2, B, ub € Ly, Vi € [n], Vj € [m], Vt € [0: 1],
Vse[l:2].

Now that we have defined the instance of the OPCF-EBF, we focus on the reduction of the
UFL problem. Let (A, 7) be a feasible solution of the UFL problem with an objective value
less than or to K. Note that K is less than or equal to 1 = ", fi + Y"1, 327" gij
because H is an upper bound for the UFL objective cost. Consider the following OPCF-

EBF-induced solution:

v =&, yi=m-N, 1n;=1, (2.14a)
1, ift=0, 0, ift=0,
W) = 2 = , (2.14b)
0, ift = 1, Tig, ift = 1,
t t _ t
v, =0, B =z; u;=0, (2.14c¢)

for every site i € [n], route j € [m], charge state s € [1 : 2|, and time interval ¢t € [0 : 1].
The solution defined by the equations (2.14a), (2.14b), and (2.14c) is feasible for the OPCF-
EBF instance, and it has objective value equal to > " | fi\; + > 1, Z;”:l GijTij + Cpeb -
m, which is equal to the objective value of the UFL problem plus the constant ¢, - m.

Therefore, the objective value of the OPCF-EBF instance is less or equal to K + cpep - m,
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which is also less than or equal to H + cpep - m.

We now check the other side of the reduction. Consider a feasible solution of the OPCF-
EBF instance (z,y,n,w,v, z, 3,u) with objective value K + cpep - m, where K is less
than or equal to H. Such solution exist, since we can take (x,y,n, w,v, z, 3, u) as defined
by (2.14a), (2.14b), and (2.14c), and the following feasible solution (A, 7) for the UFL
problem:

1, ifi=1, 1, ifi=1,

/\z' = 7Tij =
0, otherwise, 0, otherwise,
for each site i € [n] and route j € [m].
The first observation regarding the feasible solution of the OPCF-EBF is that the the de-
mand constraint violation w; is 0, and that the number of depot BEBs 7); equals 1, for every

route j € [m] and interval ¢ € [0 : 1]. Indeed, the objective function

1

Obj = Zfil’z’ + Zcbeb “1j +Zzgijzi1j +chu 1
i=1 j=1

i=1 j=1 j=1 t=0
evaluated at the OPCF-EBF solution is such that Obj < H + cpep, - m, by hypothesis, and
from the choice of ¢y, we have that H < c¢pep. Thus, Obj < ¢pep, - (m + 1). Since ¢,
equals cpep, - (m + 1) this implies that uj; is 0, for every route j € [m] and every time
interval ¢ € [0 : 1]. The demand constraint w} + u}, > d’ at t = 0 implies that

anwgzl—u?:, VieJ.

With this lower bound on 7);, we have that Obj satisfies cpep, - m < Obj < Cpepp - (M + 1),

which implies that both n; and w? must be equal to 1 for every route j € [m].
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The second observation is that the number of working wé» and idling vﬁs depot BEBs satisfy

1, ift=o0,
wh = and v}, =0,

0, ift=1,

for every route j € [m], state of charge s € [1 : 2], and time interval ¢ € [0 : 1]. Indeed,
because the depot BEBs have enough charge for only one time interval, all the buses must
be charging at time ¢ = 1 to be able to work again at time ¢ = 0. This implies that w;; = 0,
for all j € [m]. Consequently, the number of idling depot BEBs %, is equal to 0, for
allj € m], se[1:2],te€0:1].

The third observation is that the solution (\, 7) defined by

1

Ai =Ty, T = Zijs

is feasible for the UFL problem with objective value K less than or equal to H. From the

state transition dynamics w} + vf; = > 7" | Z(j Yy v(t Y at time ¢ = 1, we conclude the

identity )" | z;; = 1, for every route j € [m]. It follows from 0 < y; < m - x;, B; = 2},

and >, (1 B} < yi the constraint 3 i < m -, for every site i € I. Note that zj; is

je[m

a binary variable as there is only one BEB in each route. In particular,

K = Zfz)\ +ZZg”7TU—Obj—cbeb m < H,

=1 j5=1

and this concludes the reduction proof.
We note that one can prove a similar reduction from the UFL to the single period on-route

BEB only OPCF-EBF. [l
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2.6 Primal Heuristic Method

The OPCF-EBF model (2.1)-(2.9) turns out to be an extremely challenging large-scale in-
teger linear program. The state-of-the-art commercial solver such as Gurobi cannot obtain
a good feasible solution within a reasonable computation time as will be shown in the
computation part. After explorations of various computation methods, it became evident
the need for primal heuristics to warm-start Gurobi. In this section, we describe a primal

heuristic called the Policy Restriction.

Policy Restriction heuristic.

This heuristic restricts the operation dynamics of depot BEBs to reduce the primal solution
search. Indeed, we denote the set of positive demand time intervals as Tﬁg”ice ={te0:
T—-1] | d;’e > 0} and refer to it as the service times. Analogously, we define the set of
zero-demand time intervals as T;?gf = [0 : T — 1]\T;§™* and refer to it as off-service
times.

The Policy Restriction heuristic prevents the depot BEBs from charging at any state s dif-

ferent from the depleted state 11}, 4+ 1 during the service times, that is,
7 =0, Vt € T35, s € [2: Wy, (b4, 4, k,0) € Baepor X I x T x K x ©.

It also prevents the depot and on-route BEBs from being idle during service times, with the

exception of depot BEBs when fully charged (s = 1):

vl =0, Vte T se (2 (Wy+ 1)), (b,4,0) € Baept X T X O,

U0 =0, VteTive, r e R(j), (b,4.0) € Broue x T x O.

The idea of the above restriction is to use fully charged depot BEBs when it is most con-

venient in terms of cost. Lastly, the number of working depot and on-route BEBs must be
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zero during off-service times ¢ € ngf :

wlt)f‘)’ - O’ Vi e 7}{?5]07 s € [1 : Wb]: (b7j7 9) € Bdepot X j X 9,
Dy = 0, Ve IO, r € R(j), (b,5,6) € Browe x T X ©.

One advantage of the Policy Restriction (Policy-R) heuristic is that it always leads to a

feasible solution.

Proposition 2.6.1. The OPCF-EBF problem with the Policy-R constraints is feasible.

Proof of Proposition 2.6.1. Consider a solution defined as follows:

e Define all the depot infrastructure x and y, depot BEBs 7, and the associated opera-

tional variables w, v, and z as zero vectors.

e Define all the on-route infrastructure y, on-route BEBs 7, and the associated opera-

tional variables w and v as zero vectors as well.

e Let the conventional buses ¢ be such that it satisfies the retirement targets ¢ B

<

¢! < &} p; and the monotonicity constraints £/ < ¢/~" for all routes j € J, and all

investment periods § € ©. Define the working conventional buses ¢;,9 as zero and

the idle conventional buses a;i’a as 5? for all time intervals ¢ € [0 : T' — 1], routes

j € J, and investment periods 6 € O.

e Let the demand slack variable u;,e be equal to d;’e for all time intervals ¢ € [0 : T'—1],

routes j € J, and investment periods § € ©.

It is straightforward to check that this solution is feasible. Hence, the OPCF-EBF problem

with Policy Restriction constraints is feasible.
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2.7 Case studies and analysis

Using our OPCF-EBF model, we present in Section 2.7.1 a bus electrification plan for the
Metropolitan Atlanta Rapid Transit Authority (MARTA) of Atlanta and a battery sensitiv-
ity analysis in Section 2.7.2 for bus electrification of the Massachusetts Bay Transportation
Authority (MBTA) of Boston using depot BEBs. In Section 2.7.3, we explain that the par-
ticular operation and fleet sizing for the Atlanta case study is also observed in the analytical
solution of a simplified OPCF-EBF model with a single route, unlimited charging capacity,
depot and on-route BEBs. We highlight in Section 2.7.4 the performance of our primal
heuristic compared to Gurobi over 11 US and 2 non-US cities using real data. We also
describe the cost and infrastructure involved in the transition to an entirely electric fleet

with remarks in terms of fleet operation regarding the bus composition.

2.7.1 Atlanta MARTA case study: Bus electrification plan

The data used in this case study corresponds to a weekday bus schedule and it is based
on the MARTA GTFS file available at [43] from August 2019, before the COVID-19 pan-
demic. In 2019, Atlanta had 110 bus routes, from which there were 115 terminal stops that
could serve as possible locations to install on-route chargers. We assume an installation
capacity of 2 on-route chargers per terminal station where each can serve up to 8 on-route
BEBs each hour.

The bus garages operated by MARTA are taken as potential depot charging sites, with a
total of five garages identified through [44], see the “D” marks in Figure 2.2. We use
geospatial images to estimate the maximum installation capacity of depot chargers in each
depot. The only depot charger considered in this study is a 70kW AC charger that costs
$60.05k. The on-route 325kW DC charger costs $877.59k and both values comprise pur-
chase, installation, and maintenance over 10 years [45].

We consider two models of BEBs in our studies. The first model is the New Flyer 40-foot
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BEB with a 160 kWh battery capacity, 6 hours of operational capacity when fully charged,
and it requires 3 hours to charge using the depot technology. The New Flyer BEB has the
on-route charging capability and costs $943k each. The second model is the BYD 40-foot
BEB with a 351 kWh battery capacity. We assume the BYD BEB has a 12-hour operational
capacity and it requires 6 hours to fully charge. However, the BYD model does not have

the on-route charging capability and it costs $1,093k per unit.

Atlanta bus fleet electrification plan.

The solution of our model gives an annual investment plan in depot and on-route chargers
and BEBs over 10 years, summarized in Table 2.1. The investment plan is guided by the
conventional bus retirement targets based on [46], which is column ‘# Conv. buses” (e.g. -5
means retiring 5 conventional buses). All other columns are from our numerical solution.

Table 2.1: Investment plan for MARTA on charging facilities and bus fleet units.

# # # # Depot # Invest. Op. cost
Year | Depot | On-route | Conv. chargers On-route cc‘)st. ($ Million)
BEBs | BEBs buses chargers | ($ Million)
0 2 3 -5 1 2 $6.53 $38.14
1 11 0 -11 5 0 $10.26 $36.76
2 66 6 =72 33 2 $67.18 $36.87
3 46 27 -73 35 13 $72.92 $37.08
4 1 72 =72 2 14 $69.06 $35.71
5 1 27 -28 2 6 $25.94 $34.32
6 0 23 -23 0 3 $19.05 $32.94
7 1 46 -45 0 4 $35.98 $31.72
8 0 50 -49 0 5 $37.21 $30.43
9 19 40 -63 0 11 $45.25 $29.98
Total | 147 294 -441 78 60 $389.39 $343.95

One interesting observation from Table 2.1 is that, during the first four years (years 0-
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3), investment is primarily on depot BEBs and chargers, but from year 4 onwards, the
investment shifts towards on-route BEBs and chargers. A similar investment pattern is also
observed in other cities, see Section 2.7.4.

Also from Table 2.1, the replacement factor of the conventional bus fleet is 1, that is, the
total number of retired conventional buses is equal to the total number of the added depot
and on-route BEBs. The yearly investment cost of such an investment plan remains below
$70 million, except in year 3, with the total investment cost equal to $390 million. The
total operational cost over 10 years is comparable to the investment cost.

The spatial distribution of on-route chargers from our numerical solution is depicted in Fig-
ure 2.2. The D markers represent the bus depots, the smallest circles represent the potential
on-route charging locations, while the larger ones are the installed on-route chargers. Gen-
erally, the model suggests the installation of on-route chargers from the area of the greatest
confluence of bus routes in the downtown area towards the periphery of the city as shown in
years 3 and 9 in Figures 2.2b and 2.2¢c. The illustrations of Figure 2.2 are generated using

the ArcGIS tool, see [47].
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(a) Bus transportation network. (b) # Open stations: 16 — year 3. (c) # Open stations: 49 — year 9.

Figure 2.2: Spatial distribution of on-route charge stations for Atlanta.

Operation of the BEB fleet.

To understand how the mixed fleet of BEBs and conventional buses is operated by our
model, we present the number of working depot BEBs, on-route BEBs, and conventional

buses over 24 hours during investment years 3 and 9 in Figure 2.3. From Figure 2.3c,
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we note that the conventional buses meet part of the demand that is essentially constant

throughout the day, named base demand, during investment year 3.

Depot working BEBs - years 3 and 9 On-route working BEBs - years 3 and 9 Conventional working buses - years 3 and

109 sowys N N
120 4 #DW y.9 250 1 2507 4 hd N
.y
" = > " o i
% 100 /A 7 i % 200 4 % 200—‘ i
= 1 ] 3 ; b - = t ]
5 80 { \ It \ 5 o #RW y.3 5 1504
5 / \ /! \ 5 #RW .9 5 : I
R IR y g 2 olb
2 a0 i (o v A\ 2 E 1.\ ]
: ./
ol i \»\/ . 044 1 —-- #Cy3
N\ } /./"‘ R A e L 1 #Cy.9
04—l | ! | 0 ! ! | 0 i . - .
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Hour Hour Hour
(a) Depot BEBs. (b) On-route BEBs. (c) Conventional buses.

Figure 2.3: Fleet operational dynamics over 24 hours per bus type.

Meanwhile, as seen in Figure 2.3a, the depot BEBs accommodate the rush hours fluctuation
for both years 3 and 9. The most likely explanation is that the depot BEB New Flyer
40ft (160 KWh) is the cheapest option, its 6 hours battery performance is sufficient to
cover each rush wave, and the 3 hours charging time is less than the in-between rush hour
times. We observed that the number of BYD BEBs obtained in the solution is almost zero,
which is possibly due to its purchase cost being slightly higher than the New Flyer (about
16% higher per BEB). The number of on-route BEBs from year 3 is not expressive in
comparison with the total bus demand but in year 9 the on-route BEBs essentially replaced
the conventional bus fleet from year 3, see Figures 2.3b and 2.3c. In summary, we observe
that depot BEBs accommodate the variation in demand during rush hour waves, while on-

route BEBs are responsible for handling the base demand.

2.7.2 Boston MBTA case study: Battery sensitivity analysis

In this section, we present a case study on the Massachusetts Bay Transportation Authority
(MBTA) of Boston, Massachusetts. In the report [48], MBTA pointed out that their elec-
trification strategy considers only depot BEBs and a type of diesel-electric hybrid bus. The
justification for their strategy instead of an entirely electric fleet is that during the winter
season the efficiency of a depot BEB drops to 4 hours of operation due to the use of heaters.

MBTA'’s plan is to use hybrid buses to retire most of the old conventional diesel buses in
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order to meet the GHG reduction target set for 2030, [15].

Based on this scenario, we carry out a sensitivity analysis for the MBTA’s 10-year invest-
ment plan, assuming only depot BEBs with battery performance values of 4, 6, 8, 10, and
12 hours, and a charging time of 4 hours. These numbers are based on the assumption that
the insulation system and the battery capacity of electric buses may improve in the near
future. The maximum demand for buses in this case study is 1108 buses and the result is
summarized in Table 2.2. The column “Battery (h)” contains the battery performance in
hours of operations for the depot BEBs; the column “# Depot BEBs” contains the number
of depot BEBs needed to replace the conventional bus fleet, while maintaining the same
level of service; the column “Ratio” is the ratio between the number of depot BEBs and
the number of retired conventional buses; and the column “Opt. Gap” is the optimality gap

of the solution found after 10 hours of computation. Note that the number of depot BEBs

Table 2.2: Sensitivity analysis of the operating capacity depot BEBs for the MBTA case
study.

Battery (h) # Depot BEBs Ratio Opt. Gap

4 1902 1.72 1.30%
6 1638 1.48 2.46%
8 1625 1.47  7.73%
10 1610 1.45 9.02%
12 1518 1.37 8.18%

needed to replace the conventional bus fleet decreases as the battery capacity increases.

To illustrate the need for extra depot BEBs, we present in Figure 2.4 a curve for the total
number of working, charging, and idling depot BEBs with 8 hours of battery capacity.
The curve of working depot BEBs is very close to the bus demand which indicates the
same bus service level. But to compensate for the charging time, the depot BEBs require a
coordinated operation that involves around 27% of the fleet constantly charging and the idle
BEBs to start working at the specific times of day, as can be seen by the first and second
rush waves.

Thus, one cannot expect a replacement ratio equal to 1 using exclusively depot BEBs if their
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Figure 2.4: Depot BEBs’ operational dynamics over 24 hours with a battery capacity of 8
hours.

battery capacity is not enough to operate through the entire service day. On the other hand,
our mixed fleet solution involves a large proportion of on-route BEBs, but the deployment
of such technology may delay the replacement of conventional buses and negatively impact

the GHG reduction goal set for 2030, see [48]. Use of the diesel-electric hybrid buses is

then a reasonable solution.

2.7.3 Analysis of the mixed depot and on-route fleet strategy

In this section, we provide an explanation for the BEB operation of our OPCF-EBF model
through the analytical solution of a simplified model. Consider a simplified fleet sizing
problem with only one route and one investment period, where the chargers and other
infrastructure costs are aggregated into the BEB unit costs. We consider depot and on-
route BEBs only, that is, no conventional buses in our fleet sizing problem. Suppose that in
a coarse time discretization a depot BEB can only work for one time interval and need to
fully charge on a consecutive interval.

Let 1, 77 be the total number of the depot and on-route BEBs with unit costs ¢y, ¢, respec-
tively, and let w;, v, and z; be the number of working, idling, and charging depot BEBs at
time ¢. Let w,; and v; be the number of working and idling on-route BEBs, and let d; be the

bus demand at time ¢. Assume there are no charging or working costs. Then, our simplified
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fleet sizing model is

min cqn + ¢,n

s.t. 1= wy+ vy + 20, 1 = Wy + Vg,
Wy + Uy = Z_1 + V1, 2 = Wy_1, Vtel0:T —1], (2.15)
Wy + Uy = We1 + Vy_1, wy + Wy > dy, Ve [0:T — 1],
1, 1], Wy, Wy, Vg, Vg, 2¢ € Ly, Vte[0:T —1].

The only important quantities to determine the optimal number of depot and on-route BEBs
for (2.15) are Dy := maxX;c[p.7—1) d¢ and Dy := maXtE[OZT_l](dt + d;_1) as observed in the

Proposition 2.7.1.

Proposition 2.7.1. For every scenario of unit costs c, and c,, the optimal number of the
depot and on-route BEBs to (2.15) and the corresponding numbers of working BEBs for
each time interval t € [0 : T — 1] is obtained in Table 2.3. The optimal solution of
the variables z;, v,, and v; is given by the relations z, = w;_1, vy = 11 — w; — 24, and
Uy =1 — Wy

Table 2.3: Optimal solution table of (2.15) for each objective coefficients ¢, and c,.

Coeft. n n wy Wy

¢ < ¢y 0 D, 0 dy

cr > 2¢y D, 0 dy 0
Cq < ¢ <2¢q | 2Dy — Dy | Dy — Dy | max{d; + D; — D, 0} | min{Dy — Dy, d;}

Proof of Proposition 2.7.1. We first simplify (2.15) by eliminating the charging variable z?,

and the idling variables v* and ?*. Indeed, we can replace z; by w;_; everywhere in (2.15)
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and this leads to the following model:

min ¢ + ¢

st. n=w'+0"+wlt g =a"+7°,
wh + ot = w2 4ot vtel0: T —1], (2.16)
T+ =@ 47, wtdt>d,  Vel0:T—1),
n, 7, wt, wt, v, vt € Z,, Viel[0: T —1].

Note that n = w’ + v’ +w'™! is equivalent to w! +v* = w2+ o'~ ! forallt € [0 : T —1],
and that 77 = w' + ' is equivalent to w' + v* = w'~* 4+ v'~1, forall t € [0 : T — 1]. This

leads to the following equivalent formulation:

min cgn + ¢

st. n=w 4ot +w" n=w+7 vtel[0: T —1]
2.17)

wt+ @t > dt, Vie[0:T 1],

n, 1, w', W' vt € Zy, Vielo:T —1].

From (2.17), it is straightforward to eliminate the idling variables v' and v'. Let v' =
n —w' — w'~! and ©* = 7 — W', and because both variables are non-negative, we have the

formulation below:

min cqn + ¢

st n>w+w™l > at Vie[0:T —1]
(2.18)

w4 wt > d Vie0: T —1],

n, 1, w'w' € Zy, Vie[0:T —1].

The lines of Table 2.3 induce feasible solutions to (2.18) with objectives ¢, D, cqD-, and
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¢ (2D — Ds) + cq(D2 — Dy). Consider the dual of the linear relaxation of (2.18):

max Zte[O:T—u d'¢!

L D setor—1 Tt < Cas 2telor-1] T, (2.19)
—rt— w4 gt <0, —F 4 ¢ <0, tefo:T-1),
Wta%tv(étzou te[OT_1]7

and let a,b € [0 : T — 1] be such that D; = d® and Dy = d® + d°~*. We use the Kronecker

delta vectors 6 and §° to define the dual feasible solutions, where

1, ift=a,
((5a)t =

0, otherwise.

One can check that the lines of Table 2.4 induce feasible solutions to the dual prob-
lem (2.19) with the same objective values ¢, Dy, ¢gDs, and ¢,.(2D; — Dy) + c¢4(Dy — Dy).

Therefore, the solutions of Table 2.3 are optimal to (2.18).

Table 2.4: Optimal solutions of the dual problem (2.19) for each objective coefficients c,
and ¢g.

Coeff. ot =1t mt
e < g 0 0%
¢, > 2¢y ca(6® + 601 cq6®
ca < ¢ <2¢q | (2cqa —c)0% + (¢, — cg)(6° +6°71) | (2¢q — ¢,)0% + (¢, — cq)d°

]

The following example provides the intuition behind the operational decision of our nu-
merical experiments. Consider a 24-hour partition given by 4 time intervals: early morning
t = 0, morning rush ¢ = 1, inter-rush ¢ = 2, and evening rush ¢ = 3. On this timescale,
it is reasonable to assume that a depot BEB can work during only one time interval and

needs to fully charge in a consecutive interval. Suppose the demand {d;}?_, is such that
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do < dy < dy < ds and d3 — dy < di — dg, which is similar to the buses’ rush waves, see
Figure 2.5a. Then, D; = d3 and Dy = ds + djs.

It is a reasonable approximation to assume that the deployment of an on-route BEB is more
expensive than that of a depot BEB but less expensive than that of two depot BEBs, i.e.,
cqg < ¢, < 2cq, since the cost of an on-route charger can be divided equally among the
on-route BEBs. This implies that the optimal fleet is = d3 — dy and 7 = dy and the
optimal working BEBs are given by w; = max{d; — d»,0} and w, = min{dy, d;}, for
each ¢ € [0 : 3], see the illustration of Figure 2.5b. Thus, the optimal operation is to use
on-route BEBs for the base demand and depot BEBs for the rush wave fluctuations. In
reality, the OPCF-EBF solution may suggest more depot BEBs since there may exist many

routes without common terminals, which increases the unit cost c,..

da dp
ds ds
d1 : : dl
¢ | |
| L dy | dy
| | ou— | I |
I I I I [} I I I
do | | | | do | :
———— | | | | #On-route BEBs

l l l | | i | W #Depot BEBs
| | | | : : : ‘
I I I I I I I I

0 1 2 3 4 "t 0 1 2 3 4t
(a) Simplified demand. (b) Optimal working BEBs.

Figure 2.5: Bus demand and the optimal number of working BEBs if ¢; < ¢, < 2¢4.

2.7.4 Multi-city study and analysis

We benchmark the efficiency of the Policy Restriction heuristic with respect to the Gurobi
solver’s internal heuristic over a total execution time of four hours for 17 public transit
systems with 11 US cities and 2 non-US cities, see Table 2.5.

Below are some comments on the results of the heuristics presented in Table 2.5.

Original: The Gurobi solver without warm-start have a gap greater than 90% for 6 of the 16

instances and an average gap of 49.9%, even after four hours of simulation.

Policy-R: The Policy Restriction heuristic has a much lower optimality gap with quite stable
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Table 2.5: Primal heuristics optimality gap after 4 hours of computation.

4 4 On. # # On- | Invest.
. Gurobi | Policy-R Depot | route | cost ($
City a a Depot | - route charg- | charg- Mil-
gap 8P | BEBs | BEBs & gl
ers ers lion)
Chicago 99.71% 7.62% 874 598 380 96 1256.15
Dallas 100.0% | 11.23% 251 348 125 52 519.07
Houston 70.55% 8.78% 580 316 156 50 753.65
Las Vegas 3.64% 1.82% 46 233 15 36 249.94
Los Angeles | 99.21% 3.00% 1064 706 536 108 1507.30
NY (Bronx) | 23.59% 8.23% 655 570 354 80 1046.20
NY
59.15% 8.42% 1481 1461 795 193 | 2512.65
(Brooklyn)
NY
26.73% 4.32% 525 551 194 80 921.03
(Manhatt.)

NY (Queens) | 1.95% 6.08% 595 303 178 45 753.42
NY (St. 0.32% 0.29% 565 52 105 6 498.63
Island)

San
) 3.95% 0.47% 745 572 169 82 1114.21
Francisco
Seattle 3.61% 2.12% 169 26 29 4 159.01

Philadelphia | 99.74% 7.56% 637 387 299 72 914.03
San Jose 7.15% 2.61% 209 198 48 42 406.33
Sydney 99.70% 3.84% 2249 726 838 115 | 2640.40
Toronto 99.75% 3.35% 982 808 456 154 1638.11

Wasgggton 99.69% | 3.24% | 869 | 352 | 293 | 93 | 1058.05

Average Gap | 52.85% | 4.75%

Std. Gap 43.33% 3.01%
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results overall. All instances of the Policy Restriction heuristic have a gap smaller

than 10% and the average gap is only 4.48%.

Thus, the Policy Restriction heuristic proved to be the most reliable in terms of the opti-
mality gap, which is why we used it in all our case studies. All the numerical experiments
were performed on a cluster with 86 processors Intel Xeon Skylake and 317 Gb of shared
RAM memory.

We also analyze some important stylized facts regarding the Policy-R primal solution. In
Table 2.5 we have the total number of depot BEBs, on-route BEBs, depot chargers, on-
route chargers, and total investment cost to preserve the same bus service level in those
major cities. We assume for all instances a constant budget in every investment year and a

conventional bus target of 0 at the last year.

LasVegas - fleet investment Dallas - fleet investment Houston - fleet investment
0
500 4 800 1 i ——- # Depot BEBs
200 | # on-roubte BEBs
o k] o —— # Conv. buses
@ @ 400 @ 600 TooETTsdEs
3 3 3
2 150 el 2
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5] I R Y S "G S A P = 400
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Figure 2.6: Multicity case study - fleet investment over 10 years.

The proportion of depot and on-route BEBs from Table 2.5 is primarily explained by the
bus demand shape of each instance. Indeed, we show in Figure 2.6 the fleet investment
evolution over 10 years and the BEB operation in year 9 for the cities of Dallas, Houston,
and Las Vegas. We observe that the shape of the bus demand defines base demand which
is fulfilled by on-route BEBs while the depot BEBs supply the difference to cover the bus

service. As a secondary influence, we have the spatial distribution of the routes which may
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hinder the use of on-route chargers and increase the gap between on-route BEBs and the
base demand, see Houston in Figure 2.6.

In the investment fleet evolution from Figure 2.6, we note the preference for depot BEBs
in the early investment years until a saturation point and then the investment in on-route
BEBs. This observation is consistent with the intuition that depot BEBs are cheaper to
deploy than on-route BEBs and because of the constant discount factor 7y € {0, 1} depot
BEBs should be invested first. See Proposition 2.7.2 for a mathematical explanation of the

role of the discount factor in ordering decisions.

Proposition 2.7.2. Let ¢; < ¢y < -+- < ¢, and 0 < [ < 1 be given. Let 7w : [n| — [n]
denote a permutation, i.e. a bijection, where [n] := {1,2,...,n}. Then, the following

minimization problem
n

min Z 69_1C7r(9)

m:[n]—[n]
T permutation 6=1

has a unique optimal solution given by the identity permutation 7*(0) = 6 for all 6 € |n).
That is, the minimum sum of a sequence of distinct numbers discounted by [3 is achieved by

the increasing ordering of the numbers.

Proof of Proposition 2.7.2. The solution to this problem can be find by induction. Indeed,
the case n = 1 and n = 2 are trivial. Given a permutation 7, we create another permuta-

tion 7 by swapping two numbers:

.
n, ifi =mn,

7(i) = S w(n), ifi=7"(n),

n(i), ifi#n, 7 (n).

\

Note that the new permutation 7 is identical to the original permutation 7 except at two

places: 7(n) = n, whereas w(n) = ¢, and 7(i) = m(n), whereas 7(i) = n.
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Let 7 = 7 !(n), and note that

Cairy BT Crny BT < Crpry - BT A Gy - B,
<~ Cw(n)ﬁr_l +Cn - ﬁn—l < Cp- 6T_1 + Cr(n) * 511—17

<~ 5"71(07I — Cﬂ.(n)) < ﬁril(cn — Cﬂ(n)),

where the last inequality holds since n is greater than r. Therefore,

n—1

Z ol T+ ap T < Z )3,
=1

=1

and because 7 restricted to [n — 1] defines a permutation in [n — 1], we conclude the result

by the induction hypothesis:

n—1 n
Z Ciﬁifl + Cnﬁnfl < Z Cﬂ(i)ﬁifll
=1 =1

2.8 Conclusions

In this paper, we proposed a novel investment planning model for the electrification of bus
fleets and the building up of charging infrastructure for public transit systems. We present
two real-world case studies and a multi-city analysis that demonstrate the effectiveness of
our model. In the Atlanta case study, we presented an investment plan that achieves a 1:1
replacement ratio of conventional buses and sheds light on the operation of a bus fleet in
transition. In the Boston case study, we assessed the sensitivity of the bus electrification
plan with regard to BEB charging times, motivated by the significant weather-induced bat-
tery performance change in Boston winters. In the multi-city analysis, we observed that the
proportion of depot and on-route BEBs is primarily dictated by the shape of the total bus

demand curve. We proved that the OPCF-EBF model is NP-hard from a reduction of the
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UFL problem. We developed the “Policy-Restriction” primal heuristic, which significantly
outperformed Gurobi without warm-start in all of our instances. Overall, the proposed
model, algorithms, and analysis provide a valuable tool to facilitate public transit author-
ities to carry out one of the most important and challenging tasks facing modern society,

namely to electrify transportation in a timely and efficient manner.
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CHAPTER 3
A POLYNOMIAL TIME SOLVABLE CLASS: THE FLEET SIZING PROBLEM

3.1 Introduction

According to Theorem 2.5.1, the growing numbers of bus routes and charging depots lead
to computational intractability of OPCF-EBF, even with a single investment period and two
battery states. In this chapter, we explore another dimension of the model with only one
bus route and only depot BEBs, but an arbitrary number of battery states. We call this a
fleet-sizing problem.

We show that, under a simple non-preemptive charging strategy with no early charging and
idling, the fleet-sizing problem is polynomially solvable. The proof of this fact relies on
the “almost” total unimodular nature of the constraint matrix for the operation problem
given the number of depot BEBs. We also rely on a proximity result that quantifies the
distance of the optimal solution to the linear relaxation solution 7, rz. The polynomial-
time complexity follows from the solution of a fixed number of linear programs.

Consider the following fleet sizing problem:

min Z cf; 1’ + Fy(n?) (3.1a)
T e
st. ' <’ nlp<n’<nlp  WeZ. Heo. (3.1b)

Here, ﬁg(n") is the operational cost of a depot BEB fleet of size 1 during the investment
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period @, which is given by the following operational problem

w
Fynf) =min > (ZPZ&-wiﬁwiﬂ-z’”) (3.22)

te[0:T—1] \s=1
w L—1
st > w2 =y (3.2b)

s=1 =0

wy’ =27l = =Y re 0T 1), (B20)
w

> wh? > d?, tel0:T—1, (32d)
s=1

w?97 Zt’e c Z+7 te [0 T — 1]7 (326)

se[l: W

The objective in (3.2a) is to minimize the total working and charging costs, subject to the
total number of depot BEBs equal to 1 in (3.2b), the simple operation policy (3.2c) that
requires a bus to work non-stop until it reaches the depleted battery state W (i.e. no early
charging), that is, a bus must start charging and resume operation immediately after it is
fully charged (i.e. non-preemptivie and no idling), and the working buses must meet the

demand constraint (3.2d).

3.2 Contributions

1. Tight LP relaxation of the operation problem: The coefficient matrix of the op-
eration problem may not be totally unimodular (TU). However, interestingly, by ex-
ploiting the rich symmetry imposed by the non-preemptive charging policy and the
modular arithmetic, we can reformulate and unimodularly transform the operation

problem to an equivalent formulation that does have the TU property.
2. The fleet sizing problem as a Separable Convex Integer Program:

(a) Using the previous result, we extend the value function of the operation prob-

lem to an extended-real-valued convex piecewise linear function. Thus, the
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fleet sizing problem is essentially a separable convex integer program (SCIP),

separable over the investment periods.

(b) Underlying this result is a proximity theorem proved for general SCIP that an
optimal integer solution of SCIP belongs to the integer lattice of a ball centered
at the LP relaxation’s optimal solution. The key result shows that the search
over the integer lattice can be further reformulated as a new integer linear pro-

gram, which has an exact LP relaxation.

(c) Finally in the last step, we bound the number and size of all the LPs involved,
and refer to the arithmetic complexity of an algorithm of Vaidya [12] to con-

clude the polynomial-time complexity of the fleet sizing problem.

3. The Dyadic Contiguous Row (DCR) matrix: We introduce a special class of sep-
arable integer program with totally unimodular constraints that can serve as a two
stage decomposition method to prove polynomial solvability. In fact, we define the
notion of a Dyadic Contiguous Row (DCR) matrix which extends the definition of
a row-circular matrix of Bartholdi [6]. Given that the second stage integer program
has a DCR coefficient matrix, the same complexity analysis performed for the fleet

sizing problem applies.

The Chapter 3 is organized as follows. In Section 3.3, we describe the key ideas and results
that motivated our polynomial-time algorithm for the fleet sizing problem (3.1). We prove
in Section 3.3.1 that the operational problem value function fg(ne) can be extended to a
tight piecewise linear convex function. In Section 3.3.2, we prove the correctness of a
proximity-based reformulation which is the cornerstone of our polynomial-time algorithm.
In Section 3.3.3, we bound the size of the intermediate linear programs and prove the

complexity of our algorithm.
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3.3 A polynomial time algorithm for the Fleet Sizing Problem

We outline the results that prove the polynomial solvability of the fleet sizing problem (3.1).
The building blocks of our polynomial-time algorithm are the Lemma 3.3.1 that provides
key properties of the value function ﬁg and the proximity-based reformulation (3.6) which
is a type of binarization based on the closedness of optimal integral and linear relaxation
solutions for a class of Separable Integer Convex Programs. We state our polynomial-time
algorithm, Algorithm 1, and summarize the computational complexity necessary to solve

all the intermediate linear programs and find the optimal integral solution to (3.1).

Lemma 3.3.1. The domain of Fy is contained in the set of multiples of (W + L) /k, where k

is the greatest common divisor of W + L and T':
~ (W + L
dom(Ey) C {% €z ‘ i€ Z} . (3.3)

In particular, the linear relaxation of (3.2) is a tight convex lower approximation of fg(ne).

Lemma 3.3.1 motivates the change of variables 7” = "2-£ . 7%, Let the new objective
0 _ W+L 9 — 0 k
cost be ¢z = T+C77’ let the new lower and upper bounds be 777 5 = [nLB : W—JFLW and

Mop = M5 - 7 - and let the new value function be Fy(7’) = Fy (% -7 ) Thus,

the original fleet sizing problem (3.1) can be reformulated as

min Y -7’ + Fo(0’) (3.4a)
K 6cO
st. 7l <q?, 7 <7’ <7ls, 7 ey, 0eco. (3.4b)

The main difference between (3.1) and (3.4) is that the domain of F)y is a subset set of the
integers instead of the multiples of (W + L)/k.
Also from Lemma 3.3.1, we extend the value function ﬁg to a convex function using the

linear relaxation of (3.2). So, without loss of generality, we assume that Fyisa polyhedral
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function (proper piecewise linear convex function). This implies that (3.4) is a Separa-
ble Convex Integer Program over totally unimodular constraints. This additional structure
allows us to use a Proximity Theorem to significantly restrict the search for an optimal
integral solution.

Indeed, we obtain the optimal solution to (3.4) by formulating an auxiliary problem that
works as a local search. Let 7], ; » be an optimal solution to the linear relaxation of (3.4),
where Fy(-) is extended to fractional values of 7’ by considering the linear relaxation
of (3.2). Let hY ; and hY, ; be the minimum and maximum integer h € [0 : 2|0|] such that

Fo([7% 1r] — 18] + h) < oo, respectively, and let ¢} , be the cost vector defined as

(

F9(Lﬁz,LRJ —©] +hip), if h = hf g,

9 _ )= ,i— = /(= .
QDo.n = Fe(an,LRJ — [0+ h) - FG(LUE,LR — 10| +h—1), ifhelhlp+1:hipgl,

0, it h ¢ [hY 5 hY gl

\

(3.5)

forall h = 0,...,2|0|, and # € O. Theorem 3.3.1 guarantees that a binarization of the
infinity norm ball of radius 2|©| centered at 7, ;5 contains the optimal solution for (3.4)

and the corresponding reformulation also has a total unimodular coefficient matrix.

Theorem 3.3.1. The separable convex integer program (3.1) can be reformulated as the
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following integer linear program:

20|

mln Z (c 7+ Zqéh 59) (3.6a)
70 9co

st b <7, e <7 <mlp 0 €0, (3.6b)
2|0|

269 =Wlel —16]-1, €0, (3.60)

8 =1, helo:hl,], 0€O, (3.6d)

5 =0, helhlp+1:20],0c0O, (3.6¢)

7’ e Zy, 8% € {0,1}, h=0,...,2|0], 6 0. (3.6f)

In particular, an optimal solution (7], 0.) to (3.6) exists if and only if an optimal solution

to (3.1) exists. The constraint matrix induced by (3.6b)-(3.6f) is totally unimodular.

It follows from Theorem 3.3.1 that the fleet sizing problem (3.6) is polynomially solv-
able since the constraint matrix is totally unimodular. See Algorithm 1 for the complete

description of the Proximity algorithm.

Algorithm 1 Proximity Algorithm

1: Find an optimal basic feasible solution (7, 1z, E* Lr) to the linear relaxation of (3.4).
2: for 0 € © do

3 forh=0,1,...,2|0|do

4 Let7’ = [ g] —1©] —14h

5: Compute the optimal value Fy(77’) = Fp (YL - 77%) of problem (3.2).

6 Define qg ;, according to the expression (3.5).

7
8

: Solve the proximity problem (3.6) using q5 , and Lﬁi Lk as inputs.

: return an optimal fleet size , = XL . 75,

The time complexity of the Proximity algorithm is O ((k*|©[* + |©]°)L), as described in
Theorem 3.3.2, where L is the size of the integer programming instance (3.1) as defined in

Section 3.3.3, Equation (3.37).
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Theorem 3.3.2. The time complexity to obtain an optimal integral solution n* to (3.1) using

the Algorithm 1 is O((k*|©[* + |©|%)L) arithmetic operations at a precision of O(L) bits.

3.3.1 Properties of the Operational Problem with Simple Charging Policy

We detail in this section the intermediate results that lead to the proof of Lemma 3.3.1.
The first is a variable reduction reformulation implied by the battery state transition and
recharging equations (3.2c). In this reformulation, we introduce a new variable with a
different equivalence class index which is induced by the greatest common divisor of (W +
L) and T. The new index refers to the possible alignments between BEB operation plus
charging cycles and the periodic planning horizon. Then, we provide a symmetry breaking
unimodular transformation which reveals the almost TU property of the constraint matrix
in our second reformulation. Since all the transformations are one-to-one and preserve
integrality we conclude Lemma 3.3.1.

Below, we have our variable reduction reformulation for the operational problem (3.2).

Lemma 3.3.2 (Variable Reduction). Let k be the greatest common divisor of (W + L)

and T. The problem (3.2) is equivalent to the following model in ( variables only

k—1
F(n) = mcin Zpg,z‘ -G (3.7a)
i=0
k—1 i
1. ; = : .7b
5.t ;C v " (3.7b)
w-1 N
Z Gim1 = d;, ief0:k—1] (3.7¢)
1=0
G € Ly, i€0:k—1], (3.7d)

where the ( indexes i’s are equivalence classes modulo k. The coefficients p¢; and d; are
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defined as

pai= {pi+ > p;,s}, and d; = max d"" (3.8)
te[0:T—1] T€[0:T—-1], s€[1:W], tiE;Z__l]
t% k=1 s.t. T—s—L+1=t. ok=1

foralli € [0 : k—1|, and t%k represents the remainder of t divided by k. The map between
the feasible solutions from problem (3.7) and the original operational problem (3.2) is given
by the relation

t t t—s—L+1
2" = (g, and w,=2z""° + 3.9

foralls € [1: W]andt € [0:T — 1]. In particular, the fleet size 1) must be a multiple

of (W + L) /k, otherwise the original operational problem (3.2) is infeasible.

Proof of Lemma 3.3.2. First, it follows from (3.2c) that w! = 2z!=5~L*! for all charge
states s € [1 : W] and time intervals t € [0 : T'— 1]. This reduces the original opera-

tional problem (3.2) to the following:

F(n) = min Z P2t (3.10a)
- te[0:T—1]
L+W—-1
st. Y zl=n (3.10b)
=0
2=tk telo:T 1], (3.10¢)
WwW-1
oA >d e[0T -1, (3.10d)
=0
wel,, telo:T—1], (3.10e)

where the cost vector p, is defined as

~t

p=vi+ > L. (3.11)

T€[0:T—1], s€[1:W],
s.t. T—s—L+1=t.

forallt € [0: T —1].
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The equality constraint (3.10c) creates a symmetry, i.e. a periodicity of W + L, on the
z-variable space. Moreover, recall that ¢ is an equivalence class modulo 7', so t + yT' is

equal to ¢ for all y € Z. This fact together with the constraint (3.10c) implies the equality

Zt _ zt+x~(W+L)+y~T’ (312)

for every x,y € Z,and every t € [0 : T — 1]. By the Bezout’s identity, there are integers T
andysuchthatk = 7- (W + L) +y-T, where k is the greatest common divisor of (W + L)
and 7', and k is also the smallest positive integer given by any integral combination of
(W 4+ L) and T'. Thus, the number of distinct z variables is k, and the constraint (3.12) can
be equivalently represented as 2! = 2!7%* foreverya € Z andeveryt € [0: T —1]. Let (;
be defined as ¢; = z* forall i € [0 : k — 1]. Because of the identity 2! = 2'7* we have

that

2" = G,y (3.13)

so the total fleet constraint (3.10b) can be described in terms of ( as

(W+L) 1 1

n= Yy z'= Z Sk <W+L Zg. (3.14)

The demand constraint (3.10d) in terms of the variables ( becomes ZZVZZL_l Cie—n)ok = dy
forallt € [0: T — 1]. So, by the change of variable ¢ := ¢ + L, and by taking a maximum
of the right-hand side demand d'*~ over t € [0 : T — 1] modulo k, i.e., t%k = 4, we obtain

the following expression:

wW-1

G > max d'E, (3.15)
te[0:T—1]

(=0 t%k=1

forallt € [0 : T — 1]. Finally, the cost p.; follows from (3.11) similarly by adding p’

overt € [0: T — 1] modulo K thatis, pc; = > ejo.r—1)PL. foralli € [0: k — 1]. O
t%ok=i
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Although the reduced problem (3.7a) has a simpler structure compared to the original op-
erational model (3.2), the new demand constraint (3.7¢) is inconvenient to analyze. Indeed,
the wraparound property of the indexes ’s leads to a complicated expression for the sum-
mation Zlvig ! (i—; in terms of (y, (1, . . ., (1 with coefficients that may be greater than 1.
In order to improve the analysis we perform a symmetry-breaking transformation, this time

with a unimodular linear transformation R : R* — RF defined as

(RO)i=>» ¢ V0<i<k-1 (3.16)

=0

Note that its inverse R~ is given by the formula

_1= COa ifi = 0,
(R0 = (3.17)

Recall that a matrix is called unimodular if it is a square integral matrix with determi-
nant +1 or —1. The unimodularity property holds for R since it is an integral lower trian-

gular matrix with ones in its main diagonal.

Lemma 3.3.3 (Unimodular transformation). The change of variables ¢ := R( applied to

the reduced operational problem (3.7) results in the following problem:

k—1
F(p)=min Y B, G (3.18a)
¢ 1=0
= 3.18b
s Ckfl W+L n, ( . )
_ W _ -
G — Cimw + ({?J + ]I[i+1,oo)(W%k')) Cpq > d;, (3.18¢)
iel0:k—1],
¢ >0, (3.18d)
¢ —Cig >0, i€l k—1, (3.18¢)
=y ie0:k—1], (3.180)
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where ;1 o0)(x) is the indicator function that is 1 if x is greater than or equal to i + 1,

and 0 otherwise, and the cost coefficient p ; is defined as

Pei — Peit1, 0 <i<k—2
s (3.19)

pc,k)717 l‘flzk_l’

foralli € [0 : k — 1]. In particular, the polyhedron defined by the linear relaxation of
(3.18) is integral whenever 1 is a multiple of (W + L)/k. So, the linear relaxation value
function F (n) is an extended real-valued convex piecewise linear function for continuous

values of n.

Proof of Lemma 3.3.3. Because ¢; = (; — ;_,, for every i € [1:k—1],and {, = ZO. we
can describe the left-hand side of the constraint (3.7b) as 3.7 ¢; = Co+ >0 ({;~C,1) =
(. Similarly for the left-hand side of (3.7¢). Indeed,

w—1 k| %1 w-1

Goa= >, Gaut Y, G (3.20a)

1= 1=0 I=k| % |

= %J (G+Gat - +C+ G+t + i) (3.20b)
W-1
+ G-t
k[
W W-1
= {?J Cr_1 T Z Gi—t- (3.20¢)
I=k| % |

Since any integer W can be described as W = k L%J + W%k, we have the following

equalities for Z?_/;E w| Gir:
- k

W1 W%k—1 ¢ — Cimwons if W%k <1,
Y = Y - 3.21)
1=0

1=k ¥ | Ci— Cimwope + Comrs IEWRE >0+ 1,
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where the last equality follows from noting that the term (, , is added to the final ex-
pression whenever ( appears in a consecutive summation. The expression (3.18c) follows
from (3.21) because of the identity i — W%k = (i — W)%Fk and that we can drop the
remainder operator % since the indexes of ¢ and ( are equivalence classes modulo k. The
expression (3.19) for the objective cost is straightforward.

Finally, we prove that the linear relaxation polyhedron induced by (3.18b)-(3.18f) is inte-

gral whenever 7 is a multiple of (W 4 L)/k. Indeed, the last variable (,_, is fixed and

equal to WLJFL - 1), so we can replace it in every occurrence of (, ;, which leads to an
integral right-hand side vector. We conclude the integrality of the linear relaxation polyhe-
dron by noting that the constraint matrix associated to the variables C, ..., (,_, is totally

unimodular since it has at most one +1 and —1 at each row. ]

We can now prove Lemma 3.3.1 using the properties of the reformulations.

Lemma 3.3.1. The domain of Iy is contained in the set of multiples of (W+L)/k, where k

is the greatest common divisor of W + L and T':

dom(ﬁg) C {w e

1€ Z} . (3.3)

In particular, the linear relaxation of (3.2) is a tight convex lower approximation of ﬁg(n(’).

Proof of Lemma 3.3.1. From Lemmas 3.3.2 and 3.3.3, we know that the feasible solutions
of the original operational problem (3.2) have a one-to-one correspondence with the fea-
sible solutions of the reformulated model (3.18). So, it is straightforward to note that the
original operational problem is infeasible when 7 is not a multiple of (W + L)/k, which
proves the inclusion (3.3).

Denote the polyhedron defined by the linear relaxation of the constraints (3.2b)-(3.2e) as

Py(n”). Then Py(n?) is integral if and only if the minimum of

min ~ plw 4 p. 2 (3.22)
(w,2)EPy (n°)
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is either integral or —oo, for every p,, € Z">*7 and p, € Z”. Using the variable reduction
map from Lemma 3.3.2 and the unimodular change of variables from Lemma 3.3.3, we

have that (3.22) can be the reduced to the following problem:

k—1
min Y PG (3.23a)
¢ —
st. (3.18b) — (3.18¢) (3.23b)
¢ >0, ie0:k—1]. (3.23¢)

Since p, ; 1s integral whenever pﬁw and p' are integral, and the constraints (3.18b)-(3.18¢)
induce an integral polyhedron by Lemma 3.3.3, we conclude that the optimal value of (3.22)

is integral or —oo. O

3.3.2 The Proximity Reformulation for Separable Convex Integer Programs

In this section, we address the proximity based reformulation stated in Theorem 3.3.1. In
fact, such auxiliary problem is inspired by a proximity result for the class of Separable
Convex Integer Programs with Totally Unimodular constraints which guarantees that an
infinity-norm ball of radius n and centered in any linear relaxation solution contains an
integral optimal solution, where n is the variable space dimension. The proximity-based
reformulation (3.4) is a binarization of the variables space to represent the integral lattice
inside the infinity-norm ball. Also, the reformulation (3.4) is an integral linear program.
This implies that if the evaluation of the separable objective function takes a polynomial
number of arithmetic operations and the corresponding feasible region is a polytope then
Theorem 3.3.1 implies that the Separable Convex Integer Program with Totally Unimodular
constraints is polynomially solvable.

Let { f;}}_; be univariate real-valued convex functions, and consider the following separa-
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ble convex integer programming problem:

min Y fi(y:) (3.24a)
i=1

s.t. Ay > b, (3.24b)

yez, (3.24¢)

where A is a totally unimodular (TU) matrix, and b is an integer vector. The goal of this
section is to prove that we can use the linear relaxation to perform an efficient local search
for an optimal integral solution. We assume the minimum of the linear relaxation of the in-
teger program (3.24) exists and it is attainable. The feasibility of the integer program (3.24)
is implied by the feasibility of the corresponding linear relaxation and the fact that A is TU
and b is integral.

Even extended real-valued functions fit the scope of the program (3.24). Let f; be an

extended real-valued proper convex function of the form:

gi(z), ifx € [a;, by,
filz) = (3.25)

400, otherwise,

where ¢;(x) is a univariate real-valued convex function. A relevant example of such a func-
tion is the polyhedral function Fy(-). Indeed, if {f;}", are extended real-valued convex

functions such as (3.25) we can reformulate (3.24) as follows:

min » ~ gi(y:) (3.26a)
=1

st. Ay > b, (3.26b)

[a] <y < b, (3.26¢)

y € 7. (3.26d)
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Note that the constraint matrix induced by (3.26b)-(3.26¢) is still TU, and the right-hand

side vectors are still integral.

Theorem 3.3.3 (Proximity Theorem for Separable Convex Integer Programs). Suppose { f;},
are convex proper real-valued functions and let y* and w* be optimal integral and contin-

uous linear relaxation (LR) solutions to (3.24), respectively. Then,
1. there exists an optimal integral solution y to (3.24) such that ||y — w*||c < n.
2. there exists an optimal LR solution W to (3.24) such that ||y* — 0l|s < 1.

Proof to Theorem 3.3.3. A slightly more general statement along with its proof can be

found in [5]. L]

The next result provides a method to solve separable convex integer programs assuming that
the summation terms { f;}I , are cheap to evaluate. Let h; 1,5 and h; ;5 be the minimum
and maximum index h € {0,1...,2n} such that f;(|w}] —n + h) < o0, respectively,

and let g; , be the following objective cost:

(

fillw! | —n+ hiLp), if h = h; 1B,

Gin =19 fi(lwi| —=n+h) = fi(lw;] —n+h—=1), ifh€hrp+1 hiysl (3.27)

7

0, it h & [hiLB, hivsl,

\
forevery i € [1 : nJand h € [0 : 2n|. The cost vector ¢ defined in (3.27) provides a

linearization of the objective function at integral points y such that ||y — w*||, < n.

Theorem 3.3.4 (Solution of separable convex integer program). Suppose that { f;}"_, are
extended real-valued proper convex functions. Let w* be an optimal solution to the linear

relaxation of (3.24), and let h; 1B, h; v, and q; j, be the constants defined previously. Then,
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the separable convex integer program (3.24) can be reformulated as follows:

n  2n

min > > i b (3.282)
i=1 h=0

s.t. Ay > b, (3.28b)
2n

yi—Z(Si,h: |wi ] —n—1, i€[l:n], (3.28¢)
h=0

(Si,h =1, h € [0 : hi,LB]; 1€ [1 : 77,], (3.28d)

Sin =0, helhips+1:2n],i€(l:n),  (3.28¢)

i € Ty, iy € 0,11, hel0:2n],iell:n. (3.286)

In particular, an optimal solution (y*,0*) to (3.28) exists if and only if an optimal solution
to (3.24) exists. The constraint matrix of the integer program (3.28) is totally unimodular,

therefore, it is sufficient to solve the linear relaxation of (3.28).

Proof of Theorem 3.3.4. First, note that constraints (3.28c) and (3.28f) imply that any so-
lution y € Z™ is such that ||y — w*||oc < n, where the infinite norm is defined as ||a||o =

MaX;c(1.n] |a;|. By definition of the ¢; 5, we note that

k
fillwi ] =n+h)=> g, (3.29)
h=0

for each h € [h;rp,h;up| and i € [1 : n]. Because f; is convex and univariate, the
slopes of f; are non-decreasing functions, so the sequence {¢; 5, } is non-decreasing over h €
[his+1: h;ypl, forevery i € [1 : n]. This proves that among all possible representations

of f; (lw}] —n+ h) as the binary variable encoding S 2" ¢; - 0; the one with least
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objective cost is the right-hand side of (3.29). Thus, the formulation (3.28) is equivalent to

min ; filyi) (3.30a)
st |ly — v < n, (3.30b)
(3.24b) — (3.24¢), (3.30¢)

and we know from Theorem 3.3.3 that an optimal solution to (3.30a) is also optimal
to (3.24).

Recall that the constraint matrix A defined by the constraint (3.24b) is totally unimodular
(TU), and by appending any canonical vector to columns or rows of a TU matrix, we
preserve the TU property. Since the constraint matrix formed by (3.28b) and (3.28c) can

be represented as

ﬁ 50 5271
A=4 0 - 0| (3.31)
I -1 - —I

where 0y, := (0; ), forall h € [0 : 2n], we conclude that Ais also TU. It is straightfor-
ward to see that all the other constraints coefficients when appended to A preserves the TU

property. [

Note that Theorem 3.3.4 contains the statement of Theorem 3.3.1 as a particular case.

Theorem 3.3.1. The separable convex integer program (3.1) can be reformulated as the
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following integer linear program:

20|

mln Z (c 7+ Zqéh 59) (3.6a)
70 9co

st b <7, e <7 <mlp 0 €0, (3.6b)
2|0|

269 =Wlel —16]-1, €0, (3.60)

8 =1, helo:hl,], 0€O, (3.6d)

5 =0, helhlp+1:20],0c0O, (3.6¢)

7’ e Zy, 8% € {0,1}, h=0,...,2|0], 6 0. (3.6f)

In particular, an optimal solution (7], 0.) to (3.6) exists if and only if an optimal solution

to (3.1) exists. The constraint matrix induced by (3.6b)-(3.6f) is totally unimodular.
Proof of Theorem 3.3.1. The proof is a direct application of Theorem 3.3.4. [

Thus, Theorem 3.3.1 guarantees the correctness of Algorithm 1.

3.3.3 Problem Size and Polynomial Solvability

In this section we prove the polynomial-time complexity from Theorem 3.3.2. We intro-
duce the size of a mixed-integer linear program and bound the size of all the intermediate
linear programs from Algorithm 1. We use the interior point algorithm from [12] to quan-
tify the number of arithmetic operations necessary to find an optimal basic feasible solution
of a bounded linear program. We conclude the time complexity from Theorem 3.3.2 by

counting the number of required optimal basic feasible solutions.

65



Consider a mixed-integer linear program with integral coefficients:

min ¢’z

st. Az <b, (3.32)

r € RF x ZF,

where ¢ € Z", A € Z™*", and b € Z™. All our integer program formulations of this
chapter have integral coefficient matrices and the right-hand side vectors. The objective
coefficients can be converted to integral numbers if one multiplies the denominator of each
rational coefficient by the least common multiple among all denominators.

Suppose the feasible set P = {z € R™ | Az < b} is a non-empty polytope. Let A be the

largest absolute value of the determinant of a submatrix of A. We define the size of (3.32) as
L = logy(A + 1) + log, (me[m]c |le;| + 1) + log, (m{a}}( |b;| + 1) + logy(m +n). (3.33)
JEIN em
The following lemma provides a bound for any basic feasible solution and associated ob-
jective cost ¢! x* using the size L.
Lemma 3.3.4. Any basic feasible solution x* to (3.32) and associated objective cost ¢ z*
have upper bounds

[2*]lo < 2%, |eTa¥| < 2%0 (3.34)

Proof of Lemma 3.3.4. If x* is a basic feasible solution then it is a solution to the linear
system Hx = g, where H € Z™™ is a nonsingular submatrix of A and g € Z" is a

subvector of b. From the Cramer’s rule, we have that

H—
7 detH’

where H; is the matrix formed by replacing the j-th column of H by g. We bound the
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determinant of H; by using the Cofactor expansion formula for the j-th column of H.
Indeed, det H; = " (—1)""7g;det H}, where H} is the matrix obtained from H; by

(2

eliminating the i-th row and j-th column. Thus,
| det H;| < Z |gs| | det H| < Z lgi|A < 2(logz(A-H)-l-logQ(H9||oo+1)+log2(n)) <o
i=1 =1

Because the matrix H is integral and nonsingular, we have that | det H| > 1. This implies
that |z;| = | det H;|/| det H| < 2" for all j € [n].

For the objective cost, we have that

n n
|CT£L'| < Z |Cj||l'j| < ||C||oo Z |':BJ| < ||C||oon2]L < 2(logz(HCHoo+1)+log2(n)+]L) < 22]14'
j=1 j=1
[
We now define the size of fleet sizing instance (3.4). First, we formulate (3.4) as an inte-

ger program by expanding the value function Fy(7?) with the reformulation described in

Lemma 3.3.3:

k—1
min Y [cg 7+ Pl 'Zf] (3.35)
=0

T o
st. 7S, e <0 <myp, W20, 0eo, (3.35b)
=0
G =71 =0, 6eo, (3.35¢)
=0 =0 W =0 % 1e0:k—1]
' A S ki > ! ' (3.35d
Cz szW + (\‘ L J + [H‘LOO)(W% )) Ck:fl = ;> 0 c @) ( )
—=0
Co > 0, 6 €0, (3.35¢)
0 _ 0 iel:k—1]
T >, " (335
e 0eo, (3330
—6 Y iel0:k—1]
, G € Z, " (335
e 0eo. G-35¢)
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Note that the integer program (3.35) has n = (k + 1)|©| variables and m = (2k + 5)|O|
linear constraints. Denote by A the maximum absolute value of the determinant of a sub-
matrix of the constraint matrix in (3.35). Let ¢ = [c, P;] and b = [, Ny, d] be the

objective cost and right-hand side vectors, respectively. Then, the size of the integer pro-

gram (3.35) is well-defined by the formula (3.33):

L =logy(A + 1) + log, (max {HCﬁHom HﬁcHoo} + 1)
+ log, (max {HﬁLBHoo, 17080 ||d||oo} + 1) (3.36)

+log, (m+mn).

The feasible region of the linear relaxation of (3.35) is a polytope since all the variables
are bounded. Indeed, it follows from (3.35b), (3.35c), (3.35¢), and (3.35f) the following
inequalities

0
0

— —0 —0 . .
0<( <GS <Gy =71 <Wp

We are now in a position to prove the time complexity of Algorithm 1. First, we must
guarantee that the sizes of all the intermediate linear programs are polynomially bounded by
the size L of the integer program (3.35). Indeed, denote by Ly ;, the size of the operational
problem (3.18), and let ny , and my 5, be the associated number of variables and constraints.

Also, recall that the coefficient matrix of (3.18) is TU. Then,

Lo, =1 +1logy (]l + 1)

+ logy (max { 4.

7 prl — 18] =1+ h‘} + 1) (3.37)

+log, (Mo + no.p)

where the number of variables is 1y, = k and the number of constraints is mgy , = 2k + 1.

Similarly, denote by LLp the size of the proximity problem (3.6), and let np and mp be
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the corresponding number of variables and constraints. Recall that the coefficient matrix

of (3.6) is also TU. Then,

Lp =1+ log, (max { legllc. lasll | +1)
+10g, (max { gl [Tslles [ozn) = (6] +1) e} +1) 338

+log, (mp +np)

where e is a vector of 1’s, the number of variables of (3.6) is np = 2|0 + |0/, and the

number of constraints is mp = 2|0|? + 4|0 + 1.

Lemma 3.3.5. The linear program sizes Ly}, and Lp are linearly bounded by the size LL:
Loy < 2L+ 2, Lp <8L + 13, (3.39)

forall € ©and h =0,1,...,2|0|.

Proof of Lemma 3.3.5. From the definition of L, we obtain the upper bound:

Ly, <L+ log, (maX{HJGHOO,

7 1nl — 0] —1+h(}+1). (3.40)

Because (7, Z* Lr) 1s an optimal basic feasible solution, we know from Lemma 3.3.4

that 0 < 7% ] <7 < 2". This implies that

Man) =101~ LB <2k h-fO] -1 <2 Gala)

= Lo <L +log, (2" +1) < 2L +2, (3.41b)

forallf € ©and h=0,1,...,2|0|.
It follows from (3.36) and Lemma 3.3.4 the upper bound |Fy(n)| < 22Le. Then, we use

this inequality and (3.41b) to get ¢} ,| < 2*-0n+! < 245 Hence, we have the following
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upper bound for Lp:

Lp <1+ log, (24“5 + 1) +log, (2%1 + 1) +logy(mp + np) (3.422)
< (6L +9) + logy(mp + np) (3.42b)
= (6L + 9) + log,(4|0|* + 5|0| + 1) (3.42¢)
< (6L + 9) + log, (16 - |@|2) (3.42d)
= (6L + 13) + 21og,(|O]) (3.42¢)
< 8L + 13. (3.42f)

0

We use the time-complexity O(((m+n)n*+ (m+mn)'"n)L) of the interior point algorithm
from [12] as the complexity to find an optimal basic feasible solutions for a linear programs
instance, where L is the size of the instance, m is the number of constraints, and n is
the number of variables. Note that if the number of constraints is m = O(n) the time

complexity reduces to O(n’L).

Theorem 3.3.2. The time complexity to obtain an optimal integral solution n* to (3.1) using

the Algorithm 1 is O((k*|©]* + |©|%)L) arithmetic operations at a precision of O(L) bits.

Proof. The number of variables n and constraints m of (3.35) is O(k|©|). So, the time
complexity to compute an optimal basic feasible solution (7, 1z, Z* ) to the linear relax-
ation of (3.35) is O ((k|©])°L).

Since the number of variables ny j, and constraints mg j, of each subproblem (3.18) is O(k)
the time complexity to solve each of them is O(k®Ly ;). By Lemma 3.3.5, we have that
Ly, = O(L) and this implies that the time complexity to solve each instance of (3.18)
is indeed O(k3L). Hence, the time complexity to find the coefficient s of the proximity
problem (3.6) is O(k3|©*L).

Finally, one needs to solve the proximity problem (3.6) which has O(|©|?) variables and
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constraints. This implies a time complexity of O(|O|°Lp), and again by Lemma 3.3.5, we
can replace the size I, by L in the time complexity estimate. Therefore, the total time

complexity of Algorithm 1 is

O(K*|©’L) + O(K*|0[°L) + O(|6|°L) = O((k*|0* + |©|°)L). (3.43)

3.4 A special class of polynomially solvable Separable Integer Programs

We have described in Section 3.3 the main ingredients for the polynomial solvability of our
Fleet Sizing problem (3.1). Recall that besides the separability structure of the objective
function and the TU property, we also needed the tight convex lower approximation induced
by the linear relaxation of the operational problem (3.2). Those two properties were crucial
for the proof of the polynomial-time complexity of Algorithm 1.

The goal of this section is to describe a more general structure of the constraint matrix of
the second stage problem that guarantees the integrality of the associated linear relaxation
for every argument y; € Z. Here, y; is the argument of the value function f;(y;) that defines
the separable objective function Zle fi(y;) from the first stage. This class of Separable

Integer Program with TU constraints is still be polynomially solvable using Algorithm 1.

3.4.1 Value function induced by a Dyad Contiguous Row (DCR) matrix

We say that a matrix A is Dyad Contiguous Row (DCR) matrix if A is an integral matrix
such that each row contains a block of consecutive 6’s followed by a block of consecu-
tive @ — 1’s or @ + 1°s, for any 6 € Z. The first and last entries of each row are also
considered consecutive. The length of each block may vary across the rows but the total
number of blocks must be less than or equal to 2. This contains the definition of [6] of a

row-circular matrix.
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Below is an example of a DCR matrix:

- W O
w
[\
[\
[\

(3.44)

It is instructive to note that the coefficient matrix of the operational problem formula-

tion (3.7) is a DCR matrix.

Consider the following pure integer program:

fly) =min ¢'¢
st. AC <b,
G =y,
¢ ezt

where A is a DCR matrix. Then, we have the following Proposition.

(3.45a)
(3.45b)
(3.45¢)
(3.45d)

Proposition 3.4.1. The linear relaxation of (3.45) induces a tight convex lower approxi-

mation of f(y).

Proof of Proposition 3.4.1. Tt is enough to prove that the polyhedron P(y) defined by the

linear constraints of (3.45) is integral for every y € Z. Indeed, consider the symmetry

breaking unimodular transformation (R(); = 25:1 ¢; from (3.16). Its inverse is given by

the formula (R7'¢); = ¢, and (R7Y(); = ¢, — (,_1,if 2 <i < k.

7

By applying the change of variables ¢ = R(, we obtain the reformulation:

fy) =min ¢

st ApsgCau +aily < b,
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Zl =Y, (3.46¢)
R7IC >0, (3.46d)
ezt (3.46¢)

where E[Q: 1 1s the subvector of ( defined by the coordinates from 2 to k, Z[Q;k] is the matrix
induced by the columns of A from 2 to k, A denotes the matrix AR, and a; denotes the
i-th column of A. Note that the first column of A is a; and the i-th column of A is the
difference a;, — a;_1, if 7 is greater than or equal to 2.

It follows from the DCR property of A that each row of Z[Q;k] has at most one +1 and —1.
The same property holds for the inverse R~'. If we replace ¢, by the constant y we ob-
tain an equivalent formulation with totally unimodular constraint. This concludes that the

polyhedron P(y) is integral. O
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CHAPTER 4
STATIONARY INFINITE-DIMENSIONAL LINEAR PROGRAMS.

4.1 Introduction

In this chapter, we introduce a notion of primal and dual for infinite-dimensional stationary
linear programs based on a restriction to /., and ¢; spaces of appropriate dimensions. We
motivate this approach from the fixed-point formulation of discounted stationary programs
and also prove weak duality. Furthermore, we illustrate with a hydro-thermal infinite-
dimensional program and a variation of the [49] example that strong duality may hold for
a large class of infinite-dimensional stationary linear programs. Weak duality even fails
for the later example if we remove the /., and ¢; constraints. We also show that the value
function of the hydro-thermal infinite-dimensional stationary linear program is piecewise
linear convex with countably many affine functions when the state variable upper bound

1s +o0.

4.2 Related work

Duality in infinite-dimensional linear programs has been widely studied in operations re-
search. The work of [49] presents an example of an infinite-dimensional dual program ob-
tained by the finite-dimensional duality rules for which weak duality does not hold. Such a
dual problem is referred to as the natural dual.

[50] provides a review for duality in abstract topological vector spaces and presents the
Slater condition as a sufficient condition for strong duality. This dual notion is called the
algebraic dual. The book [51] contains examples and applications of algebraic duality the-
ory but in general it is not straightforward to compute the algebraic dual of a given infinite-

dimensional linear program. Some recent developments and extensions of the Algebraic
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Duality Theory can be found in [52] and [53]. The work of [54] presents sufficient con-
ditions different than the Slater condition on the algebraic dual of countably infinite linear
programs for both weak and strong duality to hold. [8] consider finite-dimensional dual ap-
proximations as a way to establish properties for the natural dual which avoids the necessity
of the closedness condition for the primal problem and the Slater for the dual. Moreover, in
order to prove strong duality, [8] assume a condition called transversality, which is a con-
vergence to zero condition of a sequence of dual optimal solutions. [55] further specialize
this strong duality result and the transversality condition for the case of finitely many vari-
ables for each constraint. However, the transversality condition is hard to verify in practice.
[56] characterize the value function of an infinite-horizon single-item lot-sizing problem
and show that it has all the properties of a finite-dimensional mixed-integer value func-
tion. That is, they show that the value function is piecewise linear, lower-semicontinuous,
and sub-additive. Finally, [57] model an infinite-horizon stationary stochastic program us-
ing the Bellman equation for the natural dual problem. They develop a cutting plane type

method to solve it.

4.3 Contributions

1. A duality framework: Based on the duality rules for finite dimensional LPs and
restrictions to appropriate /., and ¢; spaces, we introduce primal and dual infinite

dimensional stationary linear programs and prove weak duality.

2. Evidence of a strong duality result: Strong duality may hold for a large class
of problems in our infinite dimensional setting as illustrated by a stationary hydro-
thermal power generation planning problem. Using a counter-example, we show that
weak duality may fail if one disregards the /., and ¢; set constraints. However, that

same example satisfies strong duality when the /., and ¢; constraints are enforced.
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4.4 Weak Duality for infinite-dimensional stationary linear programs

Let A, B € R™*" be general coefficient matrices, let ¢ € R” be the unit cost associated
to the decision variable, and let b € R™ be the right-hand side vector of the stationary
constraints. Our decision vector is denoted by z; € R", the initial state is 2o € R", and
a € (0,1) is our discount factor. We present below the fixed-point formulation of our

infinite-horizon discounted stationary program:

Vp(zo) :=inf ¢’z 4+ o V() (4.1a)
st. Azy > b— B, (4.1b)
T € R™. (41C)

A solution to (4.1) is called a fixed-point value function V.

Note that (4.1) is written with an infimum since we do not know the shape of Vx and
there is no guarantee that the optimal value can be attained by a given feasible solution ;.
Observe also that the fixed-point problem (4.1) for extended real-valued functions can have
multiple solutions if no additional regularity condition is imposed for Vy since Vp = +o00
or Vr = —o0 are solutions to (4.1), and other similar solutions can also be constructed.
Another approach for (4.1) is to formulate it as an infinite-dimensional stationary lin-
ear program by recursively expanding the value function Vp using the associated lin-
ear program. The problem with this approach is that the resulting objective function
S o2, a7tz may not be a convergent series. [7] modifies the definition of the objective

1

function by taking the lim inf of such series, that is, lim infy¢y, N Zthl at~teTx,. However,

this latter alternative breaks the linear structure of the objective function. Another possibil-

LeT 2, absolutely

ity is to assume some stationary bound on x;, making the series > ,~, o'~
convergent. However, this approach is problem dependent and it can be challenging to find
uniform bounds in general.

We propose a simple solution for the formulation of an infinite-dimensional stationary
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linear program. We consider the additional constraint that the entire sequence of decisions
x = (x1,22,23,...)is Lo (R™)-bounded and denote it as « € ¢, (R™). That is, we assume
that the supremum norm || || := sup;, ||z¢|| is finite for any feasible sequence x, where

|| - || is any norm in R™. Thus, our primal infinite-dimensional stationary linear program is

defined as
V(xp) := inf Z o telxy (4.2a)
t=1
st. Az + Br,1 > b, £>1, (4.2b)
r ER" @ € (o(R"), t>1. (4.2¢)

Note that the set constraint € /., (R") equivalently means that there exists » > 0 so that
||x¢|| < r forall ¢ > 1. The stationary bound approach assumes that ||x||,, < r for some
fixed r, which is more restrictive than the /,(R™) constraint. In the finite-dimensional
setting, this difference in formulations corresponds to the difference between a program
with a norm ball constraint and an unconstrained program.

By convention, we define the value function V' at x, as +oo if the feasible set for (4.2)
is empty. We will see in section 4.5.2 examples of amplifications effects caused by the
constraints’ relations which result in the problem (4.2) being infeasible or having just one

feasible solution.

Lemma 4.4.1. The value function V : R" — R U {00} defined in (4.2) is a fixed-point

value function for (4.1).

Proof. The goal is to show that the optimal value of

inf ¢’z +a-V(z) (4.3a)
S.t. Al’l > b— Bl’o, (43b)
z; € R" (4.3¢c)

is V' (xg) for every xy € R"™. Indeed, we can replace the definition of V' (x;) from (4.2),
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enumerate the sequence of decisions z; starting from ¢ = 2 onward, and group the infimum

operators to get the following reformulation of (4.3):

inf ¢’z +oa- Z a2y (4.4a)
=2

S.t. A.’Bl > b— B.’L'(), (44b)

A:L’t + th—l Z b, t Z 2, (440)

x1 € R {x}2, € loo(R™). (4.4d)

The result then follows by noting that (4.4) is just an equivalent representation of (4.2).

]

The advantage of this approach is that we can define a notion of dual problem using a
similar technique. We define a dual problem based on the same duality rules for finite
dimensional linear programs but include ¢;(R™) as an additional set constraint. We say
that the dual sequence p := {p; };2, belongs to ¢ (R™) if and only if the ¢;-norm ||p||; :=

_ t|| 1S mte,w erc ||-|(| 1S an nite dimensional norm in . elow 1s our definition
>-ooy |l is finite, where || -|| is any finite dimensional in R™. Below is our definiti

of dual problem:
W(xo) :=sup —(Bxo) p + Z b (4.52)
t=1
st. AT+ By = ot le, t> 1, (4.5b)
Mt > 0, [T gl(Rm)7 t>1. (450)

Note that the series Y ;= b i is absolutely convergent since p belongs to ¢;(R™). The

following Theorem proves that weak duality holds between (4.2) and (4.5).

Theorem 4.4.1 (Weak Duality). Problems (4.2) and (4.5) satisfy weak duality. That is,
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for every xy € R™.

Proof. Let  and p be any primal and dual feasible solution to (4.2) and (4.5), respectively.

Then, using the relations of the primal and dual constraints we get the following identities:

o x T oo
Z ot ey, = Z [ATut + BTutH} Ty = Z M:Axt + /L:Hth. 4.7
t=1

t=1 t=1

Because the primal sequence « belongs to /., (R") and the dual sequence p belongs to
(1(R™), both series Y, p) Azy and Y2, p1, B, are both absolutely convergent, and

hence the following identity holds:

> pl Az + )y Bry = ) Ary+ Yl Ba. (4.8)
t=1 t=1 t=1

We then replace (4.8) in (4.7) and conclude the duality argument with a standard algebraic

manipulation:

Za o ZptAmthZ,ut Bz,

t=1

_l_ o0
~Br) i+ 30 [t By n = —(Ba) T+ 306

t=1 N >0 t=1

4.4.1 Rescaled dual problem

Another candidate to dual problem is obtained from (4.5) by rescaling the dual variables
through the bijective linear transformation j; — p;/a'~* and imposing that g is £, (R™)-

bounded:

Whg(xg) :==sup —(Bxo) 1 + Z 1T (4.92)

st. ATy +aB g =c, t>1, (4.9b)
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>0, p € log(R™), t> 1. (4.9¢)

Note that the rescaled dual problem (4.9) is an infinite-dimensional stationary linear pro-
gram equivalent to (4.2), except for the first objective term —(Bx) " 1. Next proposition

proves that (4.9) is a more constrained dual.

Proposition 4.4.1. The feasible region from the rescaled dual problem (4.9) is smaller than

or equal to the feasible region of the original dual problem (4.5). Moreover, the inequality

Wr(xo) < W (xo) holds for all xo € R™

Proof. Indeed, given a feasible solution p to (4.9), the solution fi defined as 1, = o'y,

is feasible to (4.5) with the same objective value. It follows then that g is /1 (R™)-bounded

since
N N N el
S 17l = 3 ol < - 3ot = W o
t=1 t=1 t=1
On the other hand, the converse is not necessarily true. See the example below. 0

For instance, consider the dual and the rescaled dual problems

sup Z — [ sup Z —a' 7ty (4.10a)
t=1 t=1

st o >al™h ot >1, and sty > 1, t>1, (4.10b)
fe 1 (R), p € o (R). (4.10c)

Given 3 € (0,1) greater than o, the dual sequence & defined as fi; = 3! forall t > 1
is dual feasible. However, the image p defined by the rescaling map is not feasible for the

rescaled dual problem since g is not £, (R)-bounded:

sup || = sup <—> = +00.
t>1 t>1 \ &
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Hence, the rescaled dual problem may have a strictly smaller feasible set.

4.5 Examples

4.5.1 An infinite-horizon Hydro-Thermal Power Planning problem

The focus of this section is to characterize the value function of an infinite-horizon sta-
tionary discounted hydro-thermal power planning problem as well as to present an optimal
solution for such a program. For this problem, we only assume that there is only one hydro
plant and one thermal plant.

The hydro plant has an energy reservoir with maximum storage capacity v and a constant
energy inflow a from one stage to another. The hydro plant can output energy at most equal
to its stored energy vy plus the energy inflow a. The thermal plant instead has an arbitrary
generation capacity. Both the thermal and the hydro generation must add up to the energy
demand d. The thermal generation unit cost for our problem is ¢ while the associated cost
for hydro generation is 0. We denote the discount factor of this problem by «, which is a
positive number less than 1.

The decision variables of the infinite-horizon stationary discounted hydro-thermal problem
are the final stored energy vy, the hydro generation ¢;, and the thermal generation g;. Our

fixed-point formulation is written below:

Vr(vo) = inf cgr +a - Ve(v1) (4.11a)
s.t. v+ q1 = a+ v, (4.11b)

g1+ q =d, (4.11¢)

v <7, (4.11d)

v1,91,q1 = 0. (4.11e)

We assume that all parameters ¢, a, d, and v are non-negative scalars and that the energy

demand d is greater than the energy inflow a, i.e., d > a.
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We thus find a fixed-point value function Vz and the corresponding optimal solutions
of (4.11) by defining the infinite-dimensional stationary linear program as in (4.2) and the
corresponding dual problem as in (4.5). Indeed, the infinite-dimensional stationary linear

program counterpart of (4.11) is given by

V(vp) := inf Z o 1cg, (4.12a)
t=1

st. v —v1t+qg=a, t>1, (4.12b)

g+ aq=d, t>1, (4.12¢)

v <7, E>1, (4.12d)

Vg, G, @ > 0, t>1, (4.12¢)

v,9,q € l(R). (4.12f)

We note that all the variables have explicit or implicit uniform bounds. For instance, all
the variables are non-negative, both the thermal g; and the hydro generation ¢; are upper
bounded by the energy demand d, and the stored energy v, is uniformly bounded by vy + a
for every t > 1. Thus, the /. (R) set constraint in (4.12) is redundant for v, g, and q.

Following the same idea from the general dual case (4.5), we define the dual problem

of (4.12):
W (vg) := sup vo,u1+a-z,ut+d-2% +@-Zut (4.13a)
t=1 t=1 t=1

S.t. Mt — U1 -+ U S O, t Z 1, (413b)

e+ <0, t>1, (4.13¢)

7 < o', t>1, (4.13d)

Moty 7Vt € R7 Ut S 07 t Z 17 (4136)

©,y,u € (1 (R). (4.13f)

Note that weak duality follows from Lemma 4.4.1.
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Proposition 4.5.1 (Strong Duality for the hydro-thermal problem). If vg > d + 7 — a,
then the primal problem (4.12) is infeasible and the dual (4.13) problem is unbounded. If
vg < d+ v — a, then the primal and dual problems satisfy strong duality. In particular, the

primal and dual optimal values are equal to

ai—lc . (f:g) — (UO — ‘91'—1)] 5 l:f’UU S [Hi_l, 91] N [O, d+7v— a],

400, otherwise,

(4.14)
where 0; denotes i(d — a) for all i > 1. The primal and dual optimal solutions to (4.12)
and (4.13) are given by the following tables:

Table 4.1: Primal and dual optimal sequences for (4.12) and (4.13), respectively.

suge | o | @ | g | Sese | w | w |u
1<t<i1—1|vy—6 d 0 1<t<i|—a""te|atc| 0O

t=1 0 vo+a—0;_1 | 0;i—vy| t>i+1 | —atlc|atle| O
t>i+1 0 a d—a

Proof. Suppose that vy > d+v—a. From the state transition equation v; —v;_1+¢q; = a, we
have that vy = v; +q¢—a < v+ d — a, which is a contradiction. Hence, the primal problem
is infeasible for any initial state vy greater than d + v — a. For the dual problem (4.13),

consider the following dual feasible sequence:

Stage | py | v | uy
t=1|k|—-k| -k -

t>110] 010

Therefore, the dual objective value is k(vy + a — d — T), which diverges to +oo as k tends
to +00. Thus, the dual problem (4.13) is unbounded.

Suppose that vy < d + v — a. It is straightforward to check that that the sequences defined
by table 4.1 are primal and dual feasible, respectively. We just need to show that the

corresponding objective values are equal since weak duality holds by Lemma 4.4.1. Indeed,
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we have the following expression for the primal objective value:

Z O[t_lc c g = O[i_lc . (01 — ’Uo) + Z O[t_lc . (d — Cl)

t=1 t=i+1

1)
i1 a’C

=« c-(@i—vo)—km(d—a)

— o le. {(@' 1) —a) — v+ u]

d =
el

— (’U() — 91‘_1):| . (415)

Similarly, we obtain the same expression for the dual objective value:

vop1 + Z [dye + apy +Duy| = —vga' e+ Z o' ~teld — a] + Z o' e[d —
t=1 =1 t=it1

ale

=o' te[~vg +i(d —a)] + [d — d]

11—«

— o le. [—v0+i(d—a)+ (1f&>(d—a)}

= o e {(f_;z) — (v — e“)} .

]

Corollary 4.5.1. The value function V' from (4.12) is an extended real-valued piecewise

linear convex function that can be represented in the following form:

V(vp) = max {o/—lc : [(d;a) — (o — ei_l)} } + Tio.assa) (V). (4.16)

i>1 11—«

where 0; = i(d — a). In particular, if U is +00, then the value function V has an infinite

number of linear pieces.

Proof. The value function V' is an extended real-valued convex function since the dual
problem (4.13) is the maximum of affine functions over vy. Consequently, it follows

from (4.15) the form for each linear piece for (4.16). [
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4.5.2 Weak duality is not guaranteed for problems without /. (R™) and ¢; (R™) constraints

Consider a primal infinite-dimensional stationary linear program with non-negative deci-
sions x; and z; at each stage ¢ > 1, a state transition equation x; + z; — 2x;_1 = 0, an unit

cost of 0 for z; and 1 for z;, with discount factor v equal to 1/2:

Vo(o) :=inf ) (1/2)"'2 (4.17a)
t=1

st x4z — 21, =0, t>1, (4.17b)

T, 2 Z 07 t Z 1. (4170)

Note, we do not include, in (4.17), the ¢,,(R) constraint for the sequence of decision
variables « and z. If we take the dual of (4.17) using the same duality rules for finite-

dimensional linear programs we get the following problem:

We(xg) :=sup  2wopy (4.18a)
st — 2 <0, > 1, (4.18b)

e < (1/2)71 t>1, (4.18¢)

1 € R, £>1. (4.18d)

Again, we do not have in (4.18) the ¢;(R) constraint for the sequence of dual variables .

The proposition below presents the explicit form of the value functions V> and W.

Proposition 4.5.2. The value functions Vi and W have the following expressions:

0, if g > 0, 2z9, ifxe 20,
V0<I0) = Wc(aio) = (419)

400, otherwise, 400, otherwise.
Therefore, problems (4.17) and (4.18) do not satisfy weak duality.
Proof. We first compute the value function Vi of (4.17). If xy is non-negative, the primal
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sequence defined as (x4, z;) = 2'(z0,0) for all ¢ > 1 is feasible to (4.17) and attains the
objective lower bound 0. Hence, (x, z) is an optimal primal sequence to (4.17) and V¢ (zo)
equals 0. If z; is negative, the feasible set of (4.17) is empty and thus Vi (xg) is equal
to +-o0.

We now compute the value function W of (4.18). If z( is non-negative, the dual sequence
defined as p; = (1/2)"1 for all ¢ > 1 is a feasible to (4.18) and p; achieves its upper
bound of 1. Hence, p is a dual optimal sequence and W () equals 2x¢. If x( is negative,
then for each & > 1 and ¢ > 1, the dual sequence defined as ;f = —k(1/2)"! is feasible
to (4.18) and it has dual objective value of —2kz(. Thus, problem (4.18) is unbounded

and We () is equal to +o0. O

Surprisingly, if we consider the /. (R) constraint to the primal problem (4.17) and the ¢; (R)

to the dual problem (4.18) we recover strong duality as illustrated in the next Proposition.

Proposition 4.5.3. Let V' be the value function defined by (4.17) with the (. (R) constraint
on the primal sequences x and z and let W be the value function defined by (4.18) with
the (1 (R) constraint on the dual sequence p. Then, the value functions V and W have the

following form:

2w, ifwo >0,

400, otherwise.

In particular, the primal and dual problems (4.17) and (4.18) with the (. (R) and ¢, (R)

constraints, respectively, satisfy strong duality.

Proof. The argument to prove the expression for IV () is analogous to the argument in the
proof of Proposition 4.5.2 for W (x) since all the dual sequences g used in the previous
proof are /; (R) bounded.

From Lemma 4.4.1, we know that weak duality holds for V' (zy) and W (x). Thus, the

inequality W (zo) < V(x¢) holds for all z, € R™. If z is non-negative, then the sequence
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defined as

(0,2z0), ift=1,
(ﬂft,Zt) =
(0,0), ift>2,

for all ¢ > 1 is feasible to (4.17), (x, z) belongs to {,(R) x (. (R), and the associated
objective value is 2z(. Since W (x() equals 2z,, we conclude that the primal sequence
(x, z) is optimal and V' (z) = 2x¢. If z is negative, then the feasible set of (4.17) is

empty and thus V' (z,) is equal to +oc. O

4.5.3 Lot-Sizing as a generalization of the Hydro-Thermal planning problem

In this section, we comment about the similarity between the Stationary Hydro-Thermal
Power Planning problem from the previous section and the Stationary Single-Item Lot-
Sizing problem described in [56]. In fact, the Hydro-Thermal problem (4.12) can be framed
as a Single-Item Lot-Sizing. A major difference is that the latter problem has a nonlinear
objective function, so our duality framework does not hold for it.

Let z; and s; be the production and stock at time ¢, respectively. The objective function is
composed by the unit cost ¢ > 0 to produce an item, the setup cost f > 0 for production,
and the holding cost h > 0 for the stock. The constraint parameters are the single-item de-
mand d > 0 in each time period, the maximum production capacity z, the maximum stock
capacity s, and the initial stock s > 0. The Stationary Single-Item Lot-Sizing problem is

defined as the following nonlinear problem:

= inf Z o (FH(2) + cz + hsy) (4.21a)
St z+Si-1 — s =d, Vvt > 1, (4.21b)
2 <7Z, <35, vt > 1, 4.21¢)
2,80 > 0, V> 1, (4.21d)
(4.21e)
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where a € (0, 1) is the discount factor, and H (z) is the Heaviside function, that is,

1, ifz>0,
H(z):= (4.22)

0, ifz<0.

If we replace the hydro generation variable ¢; by the right-hand side of the identity ¢; =
d — g; then we frame the Stationary Hydro-Thermal Power Planning Problem (4.12) as a

single-item lot-sizing problem (4.21):

V(v) =inf > o' '-cg, (4.23a)
t=1

st. gg+v 1 —v=d—a, t>1, (4.23b)

gt S d7 Ut S 57 t Z 17 (423C)

Gt, UVt Z 07 t 2 ]-7 (423d)

Note that the setup cost f is 0 for (4.23).

Single-Item Uncapacitated Lot-Sizing problem

[56] analyzes the Single-Item Uncapacitated, i.e., the Lot-Sizing (4.21) with production Z
the stock s maximum capacities equal to +o0o. They approach this problem using only

primal techniques as described by the following theorem:

Theorem 4.5.1. Suppose d > 0, and let t* = | 5| + 1. Any optimal solution to (4.21) with

Z = 5 = 400 satisfies the following statements:
1. z, =0, forallt < t*.
2. zp= > 0, and sy« _1 + zp+ = ky«d, for some ki~ € N.
3. S4_12¢ =0, forallt > t*, and if zy > 0, then z; = k.d, for some k; € N.

Proof. See [56]. OJ
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Theorem 4.5.1 states that any optimal solution to the Single-Item Uncapacitated Lot-Sizing
problem must use as possible the inventory s, to meet the demand d without any production,
and then produce enough items so that the next inventory s;« is an integer multiple of the
demand.

One issue with the proof of Theorem 4.5.1 is whether or not there exists any optimal so-
lution. The second issue is how Theorem 4.5.1 is used to establish the expression for the
value function C(sy) using dynamic programming. Again, the existence of an optimal
solution is necessary to establish a dynamic programming expression.

For simplicity, let us focus on the case when the initial inventory s, is 0. If the optimal

solution exists then it should be of the form

nd, if (t—1)%n =0,
zp = and s} = (n—1t)d, (4.24)

0, if(t—1)%n >0,

for some n € N. We call n the replenishment interval. This implies that we can restrict
the Single-Item Uncapacitated Lot-Sizing (4.21) to feasible solutions (4.24) parameterized
by n: C(0) = infpen Y _po; &1 (fO(2]") + c2f' + hs}'). By expanding this expression, we

obtain the following formula:

C(0) = inf { 1 _1an (f Fed 4 hd Y o - z>> }

=1

. n (Cd + —(ﬁdh)) +f hd
= inf —

neN 1—an (1—a)? [’

(4.25)

where the second equality comes from the identity Zle Yk —1) = %ﬁ{m

Note that the infimum of (4.25) is not attainable if ¢ = h = 0. Indeed,

C(0) = inf = lim ;o f.

neN]l —a” noool —a”
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A more intuitive way to understand this fact is to analyze the feasible solutions. For every
feasible solution the production z; at the first time period must be positive since the initial
inventory is 0, and there is another positive production z; at some future time period ¢t > 1.
Thus, the objective cost of any feasible solution must be greater than f. Finally, each
feasible solution (2", s") defined in (4.24) has objective cost - L —=» which converges to f
as n tends to co. Hence, if ¢ = h = 0 then the infimum of (4.25) is not attainable.

[56] also observes that the right-hand side expression (4.25) as a continuous function of n
is Strongly Convex if the production cost ¢ or the holding cost A is positive. Then, one
can find the optimal replenishment interval n by finding the optimal continuous solution n*
to (4.25) and by taking the value among the round-up [n*] and round-down |n* | solutions

that has the minimum objective cost.

A conjecture for the Periodic Uncapacitated Single-Item Lot-Sizing problem

Inspired by dynamic programming idea of [56], it might be possible to extend their solution
method to a larger class of infinite-horizon programs such as the Hydro-Thermal Power
Planning problem or Single-Item Lot-Sizing problem with periodic coefficients modulo 7',
where T' € N is a fixed number. However, the generalization of Theorem 4.5.1 may not be
straightforward for the periodic case since its proof directly uses the stationarity property
of the coefficients.

Consider the following Single-Item Lot-Sizing problem with periodic coefficients mod-

ulo 7"
mf Z a'” H(z) 4+ ¢z + htst) (4.26a)
St. zp+ 841 — 8 = dt7 Vit Z ]_, (426b)
2t < Z, S¢S Sy vt > 1, (4.26¢)
Zty St Z 0, Vit 2 1, (426(1)
(4.26¢)
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where all the coefficients are periodic modulo 7', that is,

fe = foyr, ¢ =cipr, My =hyyr, dy =deyr, Zp = Zpr, and 5, =57, (4.27)

for all ¢ > 1. For simplicity, we only analyze for the case where the initial state s, is
equal to 0. Below we introduce an auxiliary problem whose optimal solutions generalize

the replenishment interval solutions (4.24):

CP = min Z o'~ H(z) + ez + htst) (4.28a)
St Zp+Si-1 — S¢ = dt, V1 <t< n, (428b)

so=20, s,=0, (4.28¢)

2t S Zy o St < Sy V1l <t<n, (4.23d)

2y S > 0, V1l <t<n, (4.28¢)

where 7 here is the “replenishment period”. We claim that when the infimum of (4.26) is

attainable, there exists n € N such that

Cy (0)

1 —anT’

CP(0) = (429)

We show some numerical examples that illustrates our ideas for the stationary case, that
is, when " = 1. Let a = 0.95, d = 40, ¢ = 3, h = 0.05. We perform a sensitivity
analysis for the setup cost f. The higher the setup cost the larger tends to be the production,
and the longer tends to be the replenishment interval n. To evaluate our ideas, we solve
the finite-horizon version (4.26) and call its optimal value longHorizon. The longHorizon
problem is the same as (4.28), where n equals 300. We also find the optimal replenishment
interval n as described before with the round-up and round-down solutions of the optimal
continuous solution n* of (4.25). This leads to a feasible solution whose objective cost

we call lotPolicy. Using the same replenishment interval n, we solve our heuristic (4.28)
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and compute the right-hand side of (4.29). We call such value periodicPolicy. We have a
variable withinError that represents with True if all the costs of that particular instance are
within a relative error of 10~ of the lotPolicy cost, or False otherwise. Below, we present

Table 4.2 with our sensitivity analysis. We performed a similar numerical experiment for

Table 4.2: Costs of each approach to solve the Uncapacitated Single-Item Lot-Sizing prob-
lem.

setupCost | longHorizon | lotPolicy | periodicPolicy | withinError | replenishment (n)
10 2584.62 | 2584.62 2584.62 True 2

50 2916.08 | 2916.04 2916.04 True 3

100 3178.46 | 3178.45 3178.45 True 5

200 3575.86 | 3575.75 3575.75 True 7

400 4176.52 | 4176.33 4176.33 True 9

500 443348 | 443348 4433.48 True 10

1000 5524.13 | 5524.11 5524.11 True 14
5000 11632.38 | 11632.37 11632.37 True 27

the periodic case, that is, when 7" > 1, and we observe the same agreement between the
longHorizon optimal values and the periodicPolicy rescaled costs. This supports our claim

that the approach (4.28) generalizes the explicit policy (4.24) for the periodic case.
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CHAPTER §
BASIC FEASIBLE SOLUTION FOR ROW-FINITE LINEAR SYSTEMS

This chapter investigates an algebraic method to characterize extreme points for convex
sets defined by row-finite linear systems. Our initial motivation is whether or not the primal
and dual optimal solutions of the stationary hydro-thermal planning problem are extreme

points.

5.1 Related work

Extreme points have been studied in the literature of infinite dimensional linear programs
for a long time but with most applications limited to network flow and non-stationary
Markov decision process. In this section, we describe some papers that are directly re-
lated to extreme points for infinite dimensional linear programs.

Sufficient conditions for the existence of extreme optimal solutions for infinite horizon
problems with Leontief constraints were studied in [58]. [59] develops the concept of
right analytic extreme points for continuous-time linear programming, which is a type of
full-rank sufficient condition. The work of [60] investigates the convergence in product
topology sense of finite-dimensional projections of extreme points. They also extend the
notion of total unimodularity to infinite systems of linear equalities and nonnegative vari-
ables. [11] establishes necessary and sufficient conditions for a network flow to be extreme
on a graph with countably infinity nodes and finite degrees on each node. Inspired by the
notion of basic feasible solutions, [10] establishes sufficient conditions for a solution to
be an extreme point. They apply their concept to infinite network flow problems and non-
stationary Markov decision processes. [61] provides a characterization of extreme point
solution of non-stationary Markov decision processes with discounted cost criterion and

finite state space.
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Along with the investigations of properties of extreme points, there were several devel-
opments of simplex-type algorithms for infinite dimensional linear programs. A simplex
method extension for semi-infinite linear programs was developed by [62], but such a
method has some unresolved numerical issues. An infinite network simplex method was
developed by [63] based on a notion of duality for network flow problems. Their algorithm
takes a finite amount of time for each pivot step. The work of [64] proposes a simplex-
type algorithm for a Countably Infinite Linear Programs class. It guarantees convergence
for the class of Nonstationary Infinite-Horizon Markov Decision problems. [65] provide a
different simplex method for a structured class of uncapacitated countably infinite network
flow problems. It uses a primal approach based on the nonnegativity of reduced costs and

convergence of spanning trees.

5.2 Contributions

1. Asymptotically Compatible vectors and basic feasible solutions: The geometric
definition of an extreme point may not be a convenient method to certify whether or
not a given point of a convex set is extreme. Given arbitrary linear constraints, we
extend the definition of a basic feasible solution using Asymptotically Compatible
(AC) vectors. We show that a point is extreme if and only if the AC solution to the
linear equality system induced by the set of active constraints is the only the trivial
solution. This method directly proves that the primal and dual optimal solutions of

the stationary hydro-thermal power generation planning problem are extreme.

2. Row-finite linear systems: A row-finite linear system over the sequence space of
real numbers is a countable set of linear constraints induced by coefficients with a
finite number of non-zero elements. The Gauss-Jordan elimination method of [13]
can parameterize all the solutions of a row-finite equality system. Such a method
may certify the existence of a unique (or multiple) AC solution for the set of active

constraints, which implies that the corresponding feasible solution is (not) extreme.
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This idea is a direct parallel with the Gaussian elimination method for equality lin-
ear systems of finite dimension, but it has the rightmost pivoting as an important

distinction.

3. Application to extreme flows over countably infinite graphs: We illustrate the
use of our extreme point result for an alternative proof of the extreme flow char-
acterization in countably infinite graphs of finite node degrees. The original result
is from [11]. It provides another condition on the residual graph together with not
having a cycle form the necessary and sufficient conditions for a network flow to be

extreme.

5.3 An extension of basic feasible solution for arbitrary linear systems.

In this section, we introduce the notion of an asymptotically compatible (AC) solution
and extend the definition of a basic solution for arbitrary systems of linear constraints.
Finally, we conclude this section with the proof that an extreme point is equivalent to a
basic feasible solution.
Let X be a vector space over R and consider a convex set P C X represented by a family
of linear constraints:

podeex| @ =b Vel , 5.1)

G(z) < h;, Vjel

where F; and G are linear real-valued functions on X, / and J are arbitrary index sets,
and b; and h; are real numbers. We say that x € P is an extreme point if there is no line
segment in P that contains x as mid-point, or, in other words, for every w,y € P such that
2(w + y) = z it implies that y = w = x.
For each inequality constraint j € .J, denote by r;(z) the slack function defined by the

difference h; — G;(x). Let N and N? be the index sets of non-binding and binding
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inequality constraints at x € P, respectively, that is, N; := {j € J | r;(z) > 0} and
NY .= {j € J | rj(z) = 0}. We say that a vector d € X is asymptotically compatible
with z € X (AC-z) if

p M < +00. (5.2)

jeN ri(z)
In particular, 0 and = are AC-z vectors. Note that the set of AC-z vectors forms a linear
subspace of X. Recall that a vector d € X is a feasible direction at = € P if there exists a

positive scalar o > 0 such that z 4+ ad belongs to P.

Lemma 5.3.1 (Characterization of feasible directions). Consider the following system on

(x,d) € P x X:

Fi(d) =0, Viel, (5.3a)
G;(d) <0, Vje N, (5.3b)

The direction d € X is feasible at x € P if, and only if, the tuple (z,d) satisfies the

G,;(d
system (5.3) and the supremum ¢ == sup —2 (d)
jeng Ti (z)

is not +oc. In particular, the set I of

feasible steps along d is

0,1/d, ife>0,
T —

[0,00), ifec<0.
Proof. Suppose that d € X is a feasible direction at x € P, i.e., there exists o > 0 such
that z + au € P. Then, the pair (z,d) satisfies (5.3). We now check that ¢ is not +oc.

Indeed, G;(z + ad) < h; for all j € J, which implies that

If NI is empty then ¢ is —oo, by convention. Hence, ¢ is not +oc.
Conversely, suppose that (z, d) satisfies (5.3) and ¢ < +o0. If ¢ is —oo, which is equivalent

to say that V" is empty, then G,(d) is non-positive for all j € .J because N? equals the
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whole index set .J. If ¢ is a non-positive real number then G(d) is also non-positive for

all j € J because c is the supremum of the ratio G;(d)/r;(x) over j € N and r; is non-

negative at x. In both cases, d is a feasible direction at x and the set of feasible steps Z

along d is [0, 00).

If c is a positive real number then there exists a function G;(d) which is positive, so we can
Gi(d)

represent ¢ as the supremum ¢ = SuPje 1. ¢, (d)>0 7 (z) -
: J

Let @ be the constant 1/c and note that:

5.4)

2l
Il
I
=
=8

sup
jeJ:G;4(d)>0 ri(z)

We prove that Gj(x + @d) is non-positive for all j € J and conclude that d is a feasible
direction. Indeed, if G;(d) is non-positive then G;(z + @d) < G;(z) < h;. If G;(d) is

positive then we have that

G,z +ad) = G,(x) + (keJ:érif(d)>o gk(&))) .G, (d)

< Gy(a) + LGy () = Iy

Hence, d is a feasible direction.

We now prove that for any « greater than @ the point  + ad does not belong to P. Indeed,

from the infinmum property, there exists j € .J such that G;(d) is positive and @ < Z v((‘z)) <
«v. This implies that x + ad violates the j-th inequality constraint:
rj(z)
J
Hence, v + ad ¢ Pand Z = [0,1/c|. O

Using Lemma 5.3.1, we can extend the following characterization of extreme points.
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Theorem 5.3.1 (Extreme Point Characterization Theorem). Let P C X be a convex set as

in (5.1) and let x € P. Then, the following are equivalent:
1. x is an extreme point.

2. The unique AC-z solution to the homogeneous equality linear system

F(d) = 0, Viel, (5.5a)
Gj(d) = 0, Vje N, (5.5b)

is the zero vector.

3. The unique AC-z solution to the linear equality system

Fi(2) = b, Viel, (5.6a)
G;(¥') = hj, Vje N, (5.6b)

is the solution z.

Proof. (1) = (2): Suppose that z is an extreme point of P and let d € X be an AC-z
solution to the homogeneous system (5.5). From Lemma 5.3.1, we have that d and —d are
both feasible directions. In particular, there exists a positive scalar « such that the vectors

x + ad and x — ad belong to P, which implies that
1 1
T = §(x + ad) + §(I — ad).

Since x is an extreme point, we have that z + ad = x — ad. Thus, d is the 0 vector.

(2) = (3): Suppose the only AC-z solution to the homogeneous linear system (5.5) is
the zero vector. Let y and w be two AC-z solutions to the inhomogeneous system (5.6).
This implies that the difference of vectors y — w is an AC-z solution to the homogeneous

linear system (5.5), so y equals w.
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(3) = (1): Suppose the only AC-z solution to the inhomogeneous linear system (5.6)
is z. Let y, w € P be such that x is the midpoint vector in the line segment between y and
w, that is, “T“’ = x. Let d be the direction from w to y, i.e., d = (y — w)/2 and note that
d and —d are both feasible directions at z. From Lemma 5.3.1, the direction d is an AC-x
solution to the homogeneous linear system (5.5) and because y equals = + d and w equals
x — d we have that the vectors y and w are AC-x solutions to the inhomogeneous linear

system (5.6). Hence, the vectors y and w are equal to x. [

After Theorem 5.3.1, it makes sense to extend the notion of a basic solution to arbitrary
linear systems. We say that a vector x € X is a basic solution to P if x is the unique AC-z
solution to the inhomogeneous system (5.6) induced by the binding constraints at x. Note
that x may not be a point in P. We say that x is a basic feasible solution to P if x is a basic

solution and x belongs to P.

5.3.1 Example: the primal and dual optimal solutions of the stationary hydro-thermal

power planning problem

The extreme point characterization from Theorem 5.3.1 can be used to prove that the primal

and dual optimal solutions from Table 4.1 are extreme points.

Corollary 5.3.1 (Hydro-Thermal optimal solutions). The primal and dual optimal solu-

tions from Table 4.1 are extreme points.

Proof. The primal and dual equality linear systems induced by the binding constraints at

the solutions of Table 4.1 are the following:

( (

vy — V1 + @ = a, t>1, pe — 1 +ug =0, 1<t<i-—1,
gt+Qt:d7 t217 /"Lt+’yt:OJ tZla

< and
¢ =0 1<t<i-—1, v =o' le, t >,
L Ut:(), tZZ, L Ut:O, tZ].,
(5.7)
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where ¢ is the smallest index k£ > 0 such that vy < k(d — a). It is straightforward to see
that both linear systems in (5.7) have exactly one solution which corresponds to the primal
and dual optimal solutions from Table 4.1, respectively. It follows from Theorem 5.3.1 that

those primal and dual optimal solutions are extreme points. 0

For more general problems, it may not straightforward to identify the AC solutions of an
equality linear system. In the next section, we provide a general technique to parameterize

all the solutions of a particular equality linear system called

5.4 Row-finite linear systems

This section investigates a more systematic approach to determine if a vector is a basic fea-
sible solution based on the constraint coefficients and right-hand side vector. In particular,
we restrict our scope to systems of linear constraints defined by row-finite matrices fol-
lowing [13]; each constraint has only a finite number of non-zero coefficients. By finding
all the solutions to a row-finite linear system, we may be able to check whether there is a
non-trivial AC-z solution to it or not.

Let coo(R) be the set of vectors over R that have a finite number of non-zero entries.
Let RFM(R) be the space of infinite matrices where each matrix A € RFM(R) has a
countable number of rows and columns, and each row of A is a vector in co(R). Consider
the algebra over RFM(R) formed by the usual addition, scalar, and matrix multiplication.
We define the length function [ : coo(R) — Z as the position of the last nonzero coordinate
of a given vector u € co(R). If u is the zero vector we define [(u) as 0.

We denote by calligraphic letters such as A, B, and C the row-finite matrices in REM(RR),
while the regular capital letters such as A, B, and C' are reserved for finite dimensional

matrices in R™*™. Let a; denote the i-th row of A, and let a;; denote the ij-entry of A.
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5.4.1 Solution parametrization and the Hermitian Normal Form

In this section, we introduce an important class of row-finite matrix to parameterize the
solutions of equality linear systems called Hermitian Normal Form.
We say that a row-finite matrix # € RFM(R) is in the Hermitian Normal Form (HNF) if

the following conditions hold:

1. The length of the nonzero rows of H is in increasing order, that is, [(h;) < I(h;), if

© < j and h;, h; are both non-zero rows.
2. The rightmost coefficient of any nonzero row h; of H is 1, that is, h; ;) = 1.

3. The coefficients above and below the rightmost coefficient of a nonzero row h; are 0,

that is, hy s,y = 0, for every k # 1.

It is simple to obtain all the solutions of a linear system Hx = b if ‘H is in HNF. Indeed, we
can partition the set of natural numbers into those such that the length of the i-th is different
than zero and those that are zero, respectively. Then, we describe the linear system Hx = b

equivalently as

I(hi)—1
Ti(ny) = bi — Z hijz;, Vi € N; I(h;) # 0,
j=1

0=b, VieN; i(h) =0,

where h;; is the 7j-th entry of H. So, the linear system Hx = b has a solution if and only
if b; is O for every row h; of zero length. The solutions to Hx = b can be parameterized by

the coordinates x; € R such that j # [(h;), forall i € N.

101



An example of extreme point over R“.

The following example was inspired by [66]. Consider the convex set P C R“ defined by

the following system of row-finite linear constraints:

T, + X9 = 2,
T — T3 =1/4,
To — 24 =1/4,

T3 — 5 =1/8, (5.8)
Ty —xg =1/8,

x; >0, Vjew.

Let A be the row-finite constraint matrix and let b be the right-hand side vector defined by

the equality system (5.8). Let z* € R“ be a vector defined as

(28 +1)/2% if j = 2k — 1 for some k > 1,

1/2%, if j = 2k for some k > 1.

It is straightforward to check that x* is a solution to (5.8), so it belongs to the convex
set P. However, checking whether x* is an extreme point might be challenging. A more
convenient approach is to perform elementary row operations to transform the row-finite
matrix A into its HNF, parameterize all the solutions to the linear system (5.8), and apply
the Basic Feasible Solution characterization of Theorem 5.3.1.

Indeed, consider the homogeneous linear system obtained from (5.8). We cancel the non-
rightmost coefficient of the i-th constraint using the rightmost coefficient of the (i — 2)-th.

Starting at ¢ equal to 3 and proceeding successfully for all constraints ¢ > 3, we obtain the
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following equivalent homogeneous linear system:

dl + d2 = Oa
d1 - d3 - 0,
—d —d =0
1 ! (5.9)
d1 - d5 — O,
—dl - d6 - O,

The formal justification of (5.9) requires a transfinite induction but the idea is quite intu-
itive. The row-finite matrix ‘H defined by (5.9) only violates the condition 2 on the HNF
definition. Indeed, the normalization of the right-most coefficient of each row is only to en-
sure uniqueness of the HNF decomposition up to permutations of the rows of zero length,
see [67] and [13].

Thus, any homogeneous solution d to (5.9) is parameterized by d; € R as dop, = —d;
and dy,y 1 = dy, for all k € N. In particular, we compute the AC-z* condition for any

homogeneous solution d:

sup’ii| = max{sup% , sup |d—1|k} = max{|d1| , sup2k|d1|}
ieN T keN (28 +1)/2% 7 pen 1/2 keN

0,  ifdy =0,

too, ifdy #0.

Because the only AC-z* solution to the homogeneous linear system (5.9) is the zero vector,

we conclude that x* is an extreme point of P, by Theorem 5.3.1.

5.4.2 The Gauss-Jordan elimination method for row-finite matrices

In this section, we present the Gauss-Jordan elimination method to find the HNF decompo-

sition of any row-finite matrix, as introduced by [13]. Any row-finite matrix A € REM(R)
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can be decomposed as H = Q.A, where H € RFM(R) is in HNF and @ € RFM(R) is

non-singular. We provide an alternative construction of Q based on a sequence of matrices

with increasing order. Let RFM,,(R) be the space of row-finite matrices with & rows.

Below we describe the Gauss-Jordan elimination method with rightmost pivoting rule:

1. Initialization: let H(®), Q® := (), and let k = 1.

2. Forall £ > 1 do:

(a)

(b)

(©

(d)

(e

Gaussian step. Consider the row-finite matrix [H(;:l) | € REM,(R). Using the
rightmost nonzero entry of the first k — 1 rows, apply elementary row operations
to vanish the corresponding coordinates of a;. This operation is equivalent to a

left-multiplication by a non-singular lower triangular matrix G*) € R¥*¥,

Normalization step. After the Gaussian step, we have the row-finite matrix
[”(;;” } . If gi 1s a nonzero vector we normalize it by its rightmost nonzero co-

efficient. This operations is equivalent to a left-multiplication by a non-singular

diagonal matrix N*) ¢ RF*F,

Jordan step. After the normalization step, we obtain the row-finite matrix
[M}’;k—l) }, where the rightmost coefficient hy ) is 1 if hy, is a nonzero vec-
tor. We clear the elements above the k-th row at the [(hy)-th column. This

operation is equivalent to a left-multiplication by a non-singular upper triangu-

lar matrix J®*) € Rkxk,

Permutation step. After the Jordan step, we obtain a row-finite matrix [ﬁ(:;” }
that is almost in HNF. We order the nonzero rows to an increasing order of
length and do not change the position of the zero rows. This operation is equiva-
lent to a left-multiplication by a permutation matrix P(*) € R***_ The resulting

row-finite matrix is denoted by #*) and it is HNF.

Update the matrix Q*). Denote by E}, the elementary matrix obtained by the

steps from (a)-(d), that is, Fj, := P® JE NFGE Define Q) € R¥** using
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the recursive formula below:

(k-1
QW .= E, ¢ : (5.10)

The matrices G*) and J*) for the Gaussian and Jordan steps, respectively, have a simple

form:
[ | 1 dip |
1 1 da k
G® (-
1 1 di—1g
[ Ck1 Cr2 ot Chg—1 1] i I

Therefore, the Gauss-Jordan elimination method can be easily implemented for row-finite
matrices A with a finite number of rows.

Denote by H/|,, the row-finite matrix in RFM,,(R) obtained from the first n rows of H €
RFM,,(R). Similarly, denote by Q|,, € R™** the matrix obtained from the first n rows
of Q € R¥*  Below, we have a stabilization result for the Gauss-Jordan Elimination

method regarding row-finite matrices A € RFM(IR) with countable number of rows.

Theorem 5.4.1 (Chain of row-finite matrices). Let A € REFM(R). Consider the sequence
of matrices and row-finite matrices generated by the Gauss-Jordan algorithm. Given n >

1, there exists o,, > n such that

H(k) | — H(Un)

, QW] = [Q(an>|n 0},

n n

for every k > o,, where () € R*(k=an) s g zero matrix. In other words, givenn € N, the
first n rows of H*® and Q") stabilizes after a finite number of iterations o,, € N, where

Op > N
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Proof. First, the length of any fixed row of H*)|,, is a non-increasing function of k& > n.
Indeed, the Gaussian step and the normalization step do not change the rows of H*)|
after the n-th iteration, and the Jordan step can only decrease the length of those rows. The
permutation step only swaps a row by another one of shorter length. Hence, the length of
any fixed row of #(¥)|,, is a non-increasing function of k& > n.

This implies that the Gauss-Jordan elimination method does not swap the rows of H*)|,,
after a finite number of iterations o,, > n. In particular, the Jordan step at any iteration & >
o, does not change the rows of (*)|,, either, otherwise the length of h;, at the Jordan step
would be strictly less than the length of some row of ()|, and the next permutation step
would swap some row of H*)|, by hy, at an iteration k > o,,.

For any iteration k > o, the elementary matrix £}, becomes the block matrix

I, 0
B, = , (5.11)

Ck—n Dk—n

where I, € R™ " is the identity matrix, 0 € R™*(*~") is the zero matrix, Cj,_,, € R*k-)x",
and Dj,_, € RF=x(E=n)  The recursive relation of Q*) given by (5.10) and the block
expression of Ej, in Equation (5.11) imply that Q®)|, is equal to [Q(U")‘n 0], for any

iteration k > o,,. U

An important consequence of Theorem 5.4.1 is the chain of row-finite matrices
H| EH|, E e EHO| 2 (5.12)

where the relation # (7%

= Hew)| | Tt

)

;& 7-[(""+1)|Z. ., represents the equality H o)
follows from Theorem 5.4.1 that the row-finite matrix H € RFM(R) with countable rows
and given by H/|, = ”H(”")|n , for all n € N, is well defined and in HNF. The matrix
Q™ € R¥** can be extended to a row-finite matrix with k rows, Q¥ ¢ RFM,(R),

by the natural immersion map. It also follows from Theorem 5.4.1 that the row-finite
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matrix @ € RFM(R) defined as Q|,, := Qlon) |n is well defined. The next result establishes

the relation between A, H, and Q.
Theorem 5.4.2. The row-finite matrix Q is non-singular and H = QA.

Proof. The proof of Theorem 5.4.2 is referred to [67]. L]

5.5 An application to extreme flow characterization for infinite digraphs

In this section, we provide an alternative proof for the characterization theorem of extreme
flows over infinite digraphs of finite node degrees. We revisit the result of [11] under
the scope of row-finite linear systems and the characterization of Theorem 5.3.1 regarding
basic feasible solutions.

Let G = (N, .A) be a directed graph where the number of nodes N is countable and the
number of arcs connected to each node is finite. The set of arcs A is also countable since it

is a countable union of finite sets. Below, we recall some definitions for digraphs:

e We say that the digraph G is weakly connected if one replaces its arcs by undirected
edges and the resulting graph is connected. See Figures 5.1a and 5.1b for an example

of a weakly connected digraph.

e We say that C' is a weak cycle of G if C'is a cycle for the induced undirected graph.

See Figure 5.1a for an example. We call a digraph G acyclic if it has no weak cycle.

e Atree'l'is adigraph that is weakly connected and has no weak cycle. See Figure 5.1b

for an example of a tree.

e Let U be a subset of M. We define the cut-set of outgoing, incoming, and crossing
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arcs as

STU)={acAla=(ij),i€U jeN\U}, (5.13)
S (U)={acAla=(ji),icU jeN\U}, (5.14)
S(U) =6 (U)ud (U), (5.15)

respectively. We abuse notation and denote by d% (i), 67 (i), and 0(4) the cut-set of
outgoing, incoming, and crossing arcs for the singleton {i}, respectively. We only
consider digraphs G of finite degree, that is, the cardinality of §(7) is finite, for every

node i € N.

e We call the network flow set associated to the digraph G the convex set below:

D aes+@y 2(a) = Xos-y x(a) = d(i), VieN,

P=JzeRA )
b(a) < xz(a) < b(a), Va € A.

. (5.16)

where d : N' — R is the node demand function, and b, b: A — R are arc bound

functions. The constraints that define P in (5.16) form a row-finite linear system.

e Given a flow x € P, we call the residual capacity at an arc a € A the quantity

r(a) = min{z(a) — b(a), b(a) — z(a)}. (5.17)

It represents the maximum amount by which one can perturb the flow = at a while
preserving the arc bounds b(a) < x(a) < b(a). The function r in (5.17) is called the
residual function induced by the network flow x € P. A general residual function is

any non-negative function with domain A.

e We denote by A(z) the set of arcs a € A with positive residual capacity, i.e., r(a) >

0. We call residual graph G(x) the digraph induced by the arc subset A(x).
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e We call the max-residual flow with source node 7 € A the quantity

R(i,G) =sup h (5.18a)
h,u
st Y u(a) - u(a) =h-ey, VkeN, (5.18b)
aest (k) aes— (k)
—r(a) <wu(a) < r(a), Vae A, (5.18¢c)
uweRA heR, (5.18d)

where ¢;;, represents the Kronecker function, that is, ¢;; = 1 if i equals k, and €;;, = 0
otherwise. Intuitively, R(i, ) is the maximum amount by which one can perturb the

node demand at ¢ and expect the existence of a feasible flow.

e We call the min-residual cut with source node i € N the quantity

C(i,G) = inf > r(a). (5.19)
T aes(U)
€U, |U|<oo

It represents the residual bottleneck capacity at ¢ € N and can be interpreted simi-

larly to the max-residual flow, see Lemma 5.5.2.

We now illustrate some important ideas regarding extreme flows over infinite digraphs of
finite node degrees. Let GG be an infinite digraph where the set of nodes is Z and it satisfies
the finite degree property. Let the flow lower bound b(a) be 0 and the flow upper bound b(a)
be 2, for every arc a € A. Let the demand d(i) be 0, for every node i € Z.

We recall from basic network flow theory that if the residual graph G(x) associated to a
flow x € P has a weak cycle then z is not extreme. In Figure 5.1a, we illustrate a weak
cycle in a residual graph G(x), where the numbers in each arc represent the associated flow.
When this happens, one can create two solutions by slightly increasing the total flow along
the cycle in the clockwise and anti-clockwise directions. This crease two flows z!, 2% € P

such that (z! 4+ 2?)/2 = z, which implies that z is not an extreme flow.
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However, a new phenomenon occurs for infinite digraphs: even if the residual graph G(x)
is acyclic, the flow x may not be extreme. Consider the residual graph in Figure 5.1b.
One can create different solutions by increasing the total flow to the “left” or to the “right”
of G(x), then proving that x is a convex combination of two solutions. The extreme flow

characterization theorem states the exact conditions for z to be an extreme point.

o 0 -
“y < -
_ -
1.4 DRI
(a) Weak cycle in a residual (b) Tree in a residual graph G(x).
graph G(z).

Figure 5.1: Non-extreme flows in infinite digraphs with finite degree.

To understand the intuition of the second condition of the extreme point characterization,
one needs an interpretation of the max-residual flow. Indeed, the max-residual flow R(i, G)
with source node 7 € N is a less conventional type of max-flow problem since it does not
consider a sink node. The quantity R(i, G) represents the maximum additional flow one
can inject or withdraw at < € N and re-route it to or from “infinity”. If G is a finite graph,
then the quantity R(, ) is 0 since there is no sink node. One can also observe this property

from the conservation equation (5.18b):

h:Z Z u(a)—Zu(a) = 0.

keN \aeo+ (k) 5 (k)

Besides no weak cycle in the residual graph G (), the other necessary condition is that there
are no two arc-disjoint trees 7', S in the residual graph G () with positive max-residual flow
R(i,T),R(i,S) > 0 at some common node i € N7 N Ng. Those two conditions together

are necessary and sufficient for a flow x to be an extreme point.
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In order to prove this characterization, we need a lemma that guarantees the existence of a
feasible solution to the row-finite linear system defined by the constraints of (5.18). In fact,
such lemma is the the generalization of the max-flow min cut for a residual tree.

Indeed, let ' = (N, .A) be a tree with countable number of nodes and the finite degree
property, and let i« € A be the root node of 7. Let T, be the subtree defined by the
descendants of 7 in T after the arc a, and let T, \{i} be the subtree T, without the node i.
Clearly, the tree 7" is the union of arc-disjoint subtrees T, for all @ € (). The following
lemma allows us to recursively create local solutions at arcs incident to each node j € N,

and patch them together to form a feasible solution to the max-residual system (5.18).

Lemma 5.5.1 (Recursive local balance for residual escape tree). Let T = (N, A) be a tree
with countable number of nodes and the finite degree property. Let r be a residual function

at T and let i € N be anode. If |h| < C(i,T) then the linear system

> ula)— > ula)=h, (5.20a)

—r(a) < wula) < 7r(a), Va € §(i), (5.20b)

has a solution u € R°® such that |u(a)| < C(j,, T,\{i}), for every arc a € §(i), where j,

is the endpoint of the arc a different than 1.

Proof. 1t follows from the arc-disjoint decomposition of 7" as union of 7},’s and the min-

residual cut definition (5.19) that
C(i,T)= Y C,T.). (5.21)

Because the node 7 in 7}, has only the arc a incident to it, we can represent the min-residual

cut C(i,7;,) as the minimum between the residual capacity r(a) and the min-residual
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cut C(jq, T,\{7}) for the tree T, \{i} at source node j,:

C(i,T,) = min {r(a), C'(Ju, Ta\{i})}. (5.22)

We conclude the result by finding a solution u € R°( to the node balance equation (5.20a)
such that |u(a)| < C(i,T,), for every a € §(i). Indeed, if such solutions exists then it
follows from (5.22) that u satisfies the arc bound (5.20b) and the desired condition |u(a)| <
C(Ja, Tu\{i}), for every arc a € 6(i).

Consider the continuous function ®(u) := >_ 5+ ;) u(a) — 2,5 ;) u(a) and let K be the
Cartesian product of intervals [ [, 5, [ - C(i,T,), C(i,T,)|. Note that K is a connected

and compact set, and the maximum of ® over K has the form

ueK

max ®(u) = Z C(i,T,) = C(i,T).
a€d(i)

We have a similar expression for the minimum of ® over K, min,ex ®(u) = —C(3, 7).

This implies that the image of K by & is the interval [ — C(i,T),C(i,T)|, which con-

tains h, by hypothesis. Hence, there is a solution u € R%® to the node balance equa-

tion (5.20a) such that |u(a)| < C(i,T,), for every a € 6(7). O

Lemma 5.5.2 (Max-flow min-cut for residual escape tree). Let T = (N, A) be a tree with
countable number of nodes and the finite degree property. Let r be a residual function at T

and let i € N be a node. Then, the max-residual system with source node i € N,

Z u(a) — Z uw(a) =h-ep, VkeN, (5.23a)
acdt (k) acd— (k)
—r(a) <wu(a) <r(a), Va € A, (5.23b)

has a feasible solution if, and only if, |h| < C(i,T). In particular, the max-residual

flow R(i,T) is equal to the min-residual cut C(i,T), i.e., R(i,T) = C(3,T).
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Proof. Suppose the linear system (5.23) has a feasible solution v € R, Given any sub-

set U C N such that |U| < oo and 7 € U, we have that

h:Z Z u(a) — Z u(a)

keU \aedt(k) acéd— (k)
= Z u(a) - Z U(CI,),
acdt(U) a€d—(U)

where the second equality comes from the fact that u(a) cancels out in the expression inside

the parenthesis if a is an arc that that has both endpoint in U. We then conclude that

Bl < Y @]+ ) fua)

acst(U) acd—(U)
< Z r(a) + Z r(a) = Z r(a).
a€dt(U) acd—(U) acd(U)

Hence, the inequality |h| < C(i,7") holds.

Conversely, suppose that |h| < C(i,7). Starting from the root node i, it follows from
Lemma 5.5.1 that we can inductively find local solutions v € R%U) at arcs incident to a
node j € N, use those solutions as input 2~ = wu(a) for the linear system (5.20) at the
adjacent nodes, and repeat the argument. This sequence of local solutions forms a global

solution u € R4 to (5.23).

Now that we proved Lemma 5.5.2 about the max-flow min-cut for residual infinite tree, we

prove the extreme flow characterization theorem.

Theorem 5.5.1 (Extreme flows characterization, [11]). Let G = (N, A) be a digraph and
let x € P be a network flow at G. Let r be the residual function induced by x. Then, x is

an extreme point of P if, and only if, the residual graph G(z):
1. has no weak cycle; and
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2. has no arc-disjoint subtrees T' and S with positive max-residual flow at a common

node, that is, R(i,T), R(i,S) > 0, for some i € Ny N N.

Proof. Suppose that x € P is an extreme point. From Theorem 5.3.1, this is equivalent to

say that the following row-finite system have only the zero vector as an AC-z solution:

Z u(a) — Z u(a) = 0, Vk e N, (5.24a)

u(a) =0, Va € A; r(a) = 0. (5.24b)

Suppose the residual graph G(x) has a cycle L := iyis - - - i,3;. We say that an arc a of L

is oriented clockwise if @ = (iz,4;41) or @ = (i,,1%1), and it is oriented anti-clockwise if

a = (iy41,4;) ora = (i1,i,), forsomet =1,...,n — 1. Let u € R* be defined as
1, if @ belongs to L and it is oriented clockwise,
u(a) = —1, 1if a belongs to L and it is oriented anti-clockwise, (5.25)
0, if a does not belong to L.

\

This is clearly a non-zero AC-z solution to (5.24). Hence, the condition 1 must hold.

Suppose the residual graph G(z) has two arc-disjoint subtrees 7" and S with positive max-
residual flow R(i,T) and R(i, S), for some common node i € N N Ng. Let h be the
minimum value between R(i,7) and R(7,S). It follows from Lemma 5.5.2 that if we
consider the input h and —h for the linear system (5.23) regarding the trees 7" and S,
respectively, then there exist non-zero solutions up € RAT and ug € RAs associated

to each linear system. Since 7" and S are arc-disjoint subtrees of G/(x), the following
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solution u € R4 is well-defined:

(

ur(a), ifa e Arp,
u(a) = ug(a), ifa € Ag, (5.26)

0, ifaGA\(ATUAT).

\

By construction, u is a non-zero solution to (5.24). Also, note that u is an AC-x vector:

@l ula)
p = sup
a€A; r(a)>0 T(CL) a€ATUAg 7”((1)

<1, (5.27)

where the last inequality comes from the arc bounds (5.23b). Hence, condition 2 must hold.
Conversely, suppose conditions 1 and 2 hold. Suppose that v € R4 is a non-zero AC-z
solution to (5.24). Then, it follows from the node conversevation equation (5.24a) that there

is a maximal subtree W of G(x) such that
e u(a) is non-zero for every arc a € Ayy.
e [V has a countable number of nodes and the degree of every node is at least 2.

Let i € Ny be any node of W. We decompose W into two arc-disjoint subtrees 7" and S

[u(a)|
r(a)

two feasible solutions to the max-residual flow problem (5.23). Hence, R(i,T), R(i, S) >

with a common node i. If we normalize u by ¢ := SUDye 4, 1(a)>0 then u|r and u|g are

0, which is a contradiction. Hence, the only AC-z solution to (5.24) is the zero vector.

Therefore, x is an extreme point. [
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CHAPTER 6
THESIS SUMMARY

6.1 The OPCF-EBF model

In Chapter 2, we proposed the Optimal Planning of Charging Facilities and Electric Bus
Fleets (OPCF-EBF) for the optimal transition to entirely electric fleets regarding the prac-
tical needs of public transit agencies. As described in Section 2.4, our model considers a
yearly planning horizon for charging infrastructure and fleet renewal investment with bus
retirement targets, charging location, and budget constraints.

Section 2.4 also described a realistic operation model to assess the fleet operation and
costs each year. We used the bus schedules informed through the General Transit Feed
Specification (GTFS) file regarding each public transit system to extract information about
the routes and associated bus demand for each hourly time interval. Our operation meets
the bus demand using a mix of electric and conventional bus fleets along the transition.
The operation model also offered insights into our model’s operation peaks and charging
dynamics. It represents a stationary bus schedule for a regular weekday, e.g., Monday. We
assumed a 24-hour operation is periodic and repeats throughout the year with the coupling
constraints between the variables of the last and first 24 hours.

We proved in Section 2.5 that the computational complexity of our OPCF-EBF model is
NP-Hard, and its proof is a polynomial-time reduction from the Uncapacitated Facility Lo-
cation (UFL) problem. In practice, the OPCF-EBF proved to be a numerically challenging
problem, as observed in Section 2.7. Even Gurobi could not find a solution with an average
gap smaller than 52% within 4 hours of computation in a cluster with 86 cores. We pro-
posed a scalable primal heuristic in Section 2.6 that accelerated the search for an excellent

primal solution, outperforming Gurobi in most real cases.
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We concluded Section 2.7 with insights about strategies and comments for electrifying the
city of Atlanta and Boston. We also observed fleet-sizing and operation patterns in the

analysis of 11 other US cities and 2 non-US cities.

6.2 Analysis of a single route fleet sizing model

In Chapter 3, we investigated whether the scheduling of the bus charging, operation, and
fleet sizing without charging location could be another cause for numerical issues. We ana-
lyzed in Section 3.3 the simplest fleet sizing and operation model, which assumes only one
route, unlimited charging capacity, and depot BEBs. In terms of operation, the depot BEBs
could only charge when depleted. Once fully recharged, they had to resume operation im-
mediately. We proved that the fleet sizing model is polynomially solvable, but the proof of
such a fact is nontrivial. Indeed, we reformulated in Section 3.3 our problem as a two-stage
model, in which the first stage contains only the fleet-sizing variables and constraints. In
contrast, the second stage is the operation, given the fleet size. We proved in Section 3.3.1
that the second stage problem is integral, i.e., the linear relaxation is the convex hull of the
feasible integral set, despite the second stage problem’s constraint matrix not being totally
unimodular.

In Section 3.3.2, we framed our two-stage integer program as a Separable Convex Integral
Program (SCIP). The novelty of our polynomial-time reduction lies in using a proximity
theorem [5] for SCIPs to limit the search for an optimal integral solution. This analysis only
works for instances where we do not allow either idle buses or early bus charging. For more
flexible operations, the computational complexity remains open. Then, in Section 3.4, we
generalized our model to a class of two-stage Separable Integral Programs. In Section 3.4.1,
we introduced the Dyadic Contiguous Row (DCR) matrix that generalized the notion of a
row circular matrix [6] which contains our second-stage constraint matrix as a particular
case. Our polynomial-time algorithm is based on the proximity theorem for SCIPs and can

also solve this new class of mixed-integer programs.
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6.3 Some properties of stationary infinite-dimensional linear programs

In Chapter 4, motivated by the stationary operation of our bus schedules, we investigated
the meaning of a stationary linear program more deeply. More precisely, we departed in
Section 4.4 from a fixed point value function perspective and introduced the elements of a
stationary infinite-dimensional linear program. The first challenge was to guarantee con-
vergence of the discounted series that naturally arises in the objective function. One could
take several approaches to make the objective well-defined, such as taking the series’s lim-
inf [7] or assuming a uniform bound for the decision variables [8, 9]. Indeed, we chose
a balance between those two. We introduced the /., set constraint in defining a station-
ary infinite-dimensional linear program. Our approach preserves the objective’s linearity
property and is less restrictive than the uniform bounds on the variable space.

Following this analogy and still in Section 4.4, we introduced a dual stationary infinite-
dimensional linear program. We applied the same duality rules as in a finite-dimensional
linear program and added the ¢; set constraint. Weak Duality follows from simple algebraic
manipulations and Fubini’s theorem for absolutely convergent series.

In Section 4.5.1, we provided a toy problem inspired by a hydro-thermal power genera-
tion planning problem that supports our primal-dual setting and satisfies Strong Duality.
We observed in Section 4.5.2 through a counter-example that by dropping the /., and ¢,
set constraints Weak Duality may fail. However, once we enforced those set constraints,
the same example satisfies Strong Duality. Those pieces of evidence support the claim that
Strong Duality may hold for a large class of stationary infinite-dimensional linear programs.
Lastly, in Section 4.5.3, we connected our Hydro-Thermal power planning model with an
infinite-horizon Lot-Sizing program from [56] and observed some conjectures about pos-
sible generalizations to periodic problems instead of stationary infinite-dimensional linear

programs.
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6.4 An extension of basic feasible solutions to infinite-dimensional programs

Since we obtained explicit primal and dual optimal solutions for the stationary Hydro-
Thermal planning problem, the natural follow-up question we investigated in Chapter 5
was whether or not those solutions are extreme points. This motivated our algebraic char-
acterization of extreme points in Section 5.3 as a more direct criterion to check if a given
solution is extreme or not. We introduced the notion of an asymptotically compatible (AC)
vector, which connects with the idea of a feasible direction. Indeed, we proved that a di-
rection is AC with a feasible solution if, and only if, the direction and the opposite sign
direction are both feasible at the same point. The asymptotically compatible concept was
central to extend the notion of a basic feasible solution to any convex set defined by arbi-
trary linear constraints.

Using our extreme point characterization, we proved in Section 5.3.1 that the primal and
dual optimal solutions to the hydro-thermal planning problems are extreme points. We then
described in Section 5.4 a general method, called the Gauss-Jordan method, to find all the
solutions for binding linear equality systems called the row-finite linear systems. Finally,
we illustrated this technique in an extreme point example.

As a more general application, we provided in Section 5.5 an alternative proof of the ex-
treme point characterization for network flows on infinite graphs of finite degrees [11]. We
proved that a flow is extreme if, and only if, the residual graph has no weak cycle and there
are not two arc-disjoint trees with positive max-residual capacity at a common node. Intu-
itively, we cannot reroute flows from “infinity”” from one tree into another. Our extension of
a basic feasible solution is a simplifying tool for the original extreme flow characterization

of [11].
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